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In a precious article by two of  the present authors Carmeli's group-theoretic 
method for  the formulation o f  wave equations was applied to the ease o f  the 
electromagnetic field, and the equations for  the vector potential were derived. In 
the present paper a quantization procedure for  these equations is carried out in 
the Lorentz gauge. It  involves two independent variables, corresponding to the 
number of  degrees of  freedom of  the electromagnetic f ieM in a Hilbert space with 
a positive-definite metric. Conserved quantities are derived. 

1. I N T R O D U C T I O N  

The present paper is a continuation of a previous one by two of the present 
authors, ~1) which presented a new formalism for the electromagnetic vector 
potential, representing the equations for the vector potential partially over 
the space of the group SU(2). The present paper introduces the quantization 
procedure for these equations and shows its consistency. 

Since Carmeli first introduced his group-theoretic approach to the 
formulation and quantization of wave equations t2) it has proved to be a 
powerful one in a number of important cases. Carmeli applied his method to 
Maxwell's equations with and without sources and introduced a gauge-free 
quantization procedure (3'4) based on quantizing the electric and magnetic 
fields rather than the vector potential. Carmeli 's approach was subsequently 
applied to the problem of scattering of electromagnetic waves, (s) to the Weyl 
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and Dirac equations, (6) and to the linearized equations of general 
relativity. (7) Recently, a new Hilbert space for quantum gravity was 
introduced by Carmeli, based on the same method. ~8) 

The first paper of the present series (1) was motivated by the observation 
that for the case of interacting matter and electromagnetic fields the quan- 
tized theory should be based on the description of the electromagnetic field 
in terms of the vector potential rather than the electric and magnetic fields. 
This observation is based on the Aharanov-Bohm effect, (9) most recently 
discussed by one of the present authors. ~1°) The first paper (~) introduced a 
formulation of the equation for the vector potential in the framework of 
Carmeli's approach. We proceed in the present paper to quantize these 
equations. 

Section 2 includes a review of previous results and correction of some 
mistakes in Ref. 1. In Section 3 the quantization procedure is carried out. We 
find that, unlike the case of quantizing the fields using Carmeli's approach, ~3) 
the quantization in terms of the vector potential is not entirely gauge-free. 
The Lorentz gauge is used. Once this gauge is chosen, however, we have 
only two components to quantize; no further theoretical structures, such as 
the Gupta-Bleuler indefinite metric formalism, ~1~'~2) is required. Section 4 
includes an analysis of the conserved quantities, which is of interest in itself 
and shows the consistency of the quantization procedure. 

The present quantization in "spherical Waves" is appropriate for 
problems of spherical symmetry, for example, for the extended spherical 
models of charged particles. (tS) Also, in the near field of radiation from 
single atoms we may sum over spherical waves (this may effect the 
divergence of perturbation series), for an atom most likely emits spherical- 
type bursts rather than plane waves! 

The usefulness of the present formalism goes beyond application to the 
case of the electromagnetic field and its interaction with matter. Analogies 
between the electromagnetic and gravitational fields imply that a progress in 
quantization methods of the vector potential may indicate a useful approach 
to quantum gravity. This seems particularly relevant to Carmeli's new 
Hilbert space for quantum gravity, (8~ which is based on the same approach, 
and was already shown to be applicable to a wide range of Riemannian 
spacetimes.~3) 

2. EXPANDING THE VECTOR POTENTIAL IN THE SU(2) BASIS 

In this section we express the vector potential in terms of functions over 
the group SU(2). We then expand these functions in the basis set provided 
by the matrix elements of the irreducible representations of SU(2), and 
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derive the equations that determine the expansion coefficients. In this way we 
review (and in part correct) the work of Ref. 1, and reformulate it in a way 
that wilt be useful in the following sections. 

Let A,  represent the electromagnetic vector potential, with A 0 denoting 
the scalar part and A the three-vector part. In Heaviside-Lorentz units the 
Lorentz gauge condition is 

?Ao/t?t + V.  A = 0 (1) 

and the vector potentials A,  satisfy the wave equations 

c32Ao/Ot 2 -- V2Ao = p  (2) 

cq2A/~t 2 - -  V:A = J (3) 

with p the charge density, J the current density, and V ZA defined by 

VEA =-- V(V. A) - V × (V x A) (4) 

Following Refi 1, we define 
Ct =A0 (5) 

Co = A r (6) 

~± = A ~: e ~=i~2 (7 )  

where 

a~  = - -O/V~) (Ao  :I: iAo) (8) 

Physically, the components A± are essentially the components of A along 
the positive and negative helicity vectors. That is, if one looks along L then 
(1/V/2)(f:o ± i~o) are the basis vectors for positive and negative helicities, and 
( - iA+) and ( i A )  are the components of A along these vectors. ~2) The 
variable 02 was discussed in Ref. I, as well as the fact that Ct, C0, and C± are 
functions over the group SU(2) and so can be expanded in terms of the 
matrix elements Tin, of its irreducible representations. Because of the way in 
which the ~'s are defined, their expansions reduce to 

co j 

~t = Y V (9) 
j = O  m = - - j  

oo j 
¢o V X ~ (10) 

j~O m = - - j  

ov j 

j =  1 m = - j  

d Join(t, r) TJom(U) 

a Join(t, r) T~m(u ) 

J r r~,,m(U ) a:~ ,,m(t, ) 
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The expansion coefficients are given by 

dJOm(t, r) = (2j + 1) f ~t(t, r, U) T)om(U) * du 

a Join(t, r) = (2j + 1) f~o(t, r, u) TJo.,(u) * du 

aJ~l,m(t, r )  = ( 2 j +  1) f ~ ± ( t ,  r, U) TJ~ 1,re(u) * du 
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(12) 

(13) 

(14) 

Similarly we can expand the current j .  = 60, J) as 

J 

p = ..~ Z p~om(t, r) T~,.(u) 
j=0 m=-j  

J 
z =  ~_~ Z J~(~, r) r~(u) 

j=O m=-j  

and 

J ,  =-(1/Jz)(Jo i ~0)=Y~e *'°2 
o~ j 

"]± = Z Z J~l .m(t ,r)  T~l.m(u) 
j= l  m=--j 

(15) 

06) 

(17) 

The expansion coefficients P~m J • , Join, and J~l.m are determined by 
equations analogous to (12)-(14). 

By inserting the expansions of A.  and j .  into the wave equations (2) 
and (3), we find the differential equations that determine the expansion coef- 
ficients of A.  from those of j . .  In order to do this, we first express the 
angular operators in the wave equations in terms of operators acting on 
functions over SU(2). Following Ref. 1, Eq. (2) becomes 

~3 2 1 ~z 
Ot ~ ~t r ~r 2 (r~t) + r ~t = P 

where K z is the Casimir operator of SU(2). 
Inserting the expansions for ~t and p, we find that the coefficients d iota 

are determined from the equation 

( . ~  ~ \ , j ( j  + l)  
~r ~ ) (r,~L,) + r ~ (rd~om) = rFo,, (18) 
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Thus, for a given charge density p, the expansion coefficients p{,~ can be 
found, from which Eq. (18) uniquely determines the expansion coefficients 
for ~t. 

Next, we find the differential equation that determines a{m. The radial 
part of Eq. (3) is 

¢3 2 

c3t 2 Co- (VS~o)¢ = J r  (19) 

Following Ref. 1, we rewrite this equation in terms of operators on functions 
over SU(2). Using the relation ~) 

1 
x/2 (K_¢+ - ¢-) =  i-Ta (sin ° a  °) + - b T - j  (20) 

where K s, K~ are the generators of SU(2), we find that Eq. (19) becomes 

c32 1 /~2 K s + 2  . ~/~ 
c3t 2 Co r t3r 2 ( r { o ) + ~ ¢ o + - - ( K _ {  + >  --K+ g - ) = J r  (21) 

The last term on the left-hand side of Eq. (20) can be expressed in terms of ~t 
by using Eq. (1) (the Lorentz condition), which implies that 

( K - ~ + - ' K + { - ) = - v ~ [ r ~ t  + 1 a-7-~r(r2~°)] (22) 

Combining the derivatives with respect to r, one finds 

~S ~r 2 (r:~o) + K2~o = r2J~ + 2r c~t (23) 

Finally, if the expansions for C0, Jr, and {t are inserted into Eq. (23) we 
obtain 

( c qs 0 s j ( j  + 1) 2_~_~ ) = r Jo., + 8t at 2 Or s (rZa~om) + r s (rZaiom) z i (rdJo~) (24) 

Thus Eq. (24) shows that the expansion coefficient a~m is uniquely deter- 
mined by the expansion coefficient of the radial component of the current 
and the time derivative of the expansion coefficient of the scalar potential. 

The procedure for deriving the differential equations that determine the 
angular expansion coefficients cl±l,mJ is completely analogous to that for daom 

825/12/5-6 
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and a~m, except more tedious. As outlined in Ref. 1, the potentials ~ can be 
shown to satisfy 

Ot 2 ~:~--r-f -~r r2 - - K 2 ~  T v ~ K : ~ ° : t :  s i n~ (K3~± 

(25) 

Upon substitution of the expansions for ~±, ~0, and J± in Eq. (25) one finds 

co(-~2 ~F2co2 )(rai l ,m) q j(j+r 2 l)(raJl,m)=rjj~l,m + [2j(j +r 1)]l/2aJom 

(26) 

In summary, in this section we have obtained differential equations that 
determine the expansion coefficients for components of the electromagnetic 
vector potential in a basis provided by SU(2). The A 0 equation is 

(c32 82 ) j ( j  + 1)(rdYo~)=rpyom (27) 
~2 Or 2 (rdYom) + r 2 

the A r equation is 

(St~ cgr 2co2 ] (r2aYom) + 
/ 

j ( j  + 1) 
i. 2 

(rZaYom) = PzJJom + 2 ~t (raom) "j (28) 

and the A± equations are 

[CO2 c~ , . j ( j + l )  ~ _ : [2j(j+ l)] ~:2 
~z  COr 2 ) (rail ,m)+ r 2 (ra ~ l,m) -- rJ ± l,m + r a~m 

(29) 

Once the coefficients are found from Eqs. (27)-(29), the potentials are 
obtained from Eqs. (9)-(11). 

As was noted in Ref. 1, Eqs. (27)-(29) are not independent of each 
~j other, but are solved one at a time. First one solves Eq, (27) for aom, then 

solves Eq. (28) for a~m, and finally uses Eq. (29) to find aY~l,m. Acceptable 
solutions are subject to the Lorentz gauge condition, which is obtained by 
substitution of Eqs. (9)--(11) into Eq. (1), 

__c3 (rdYom) ____( j ) 1 c3 [ j ( j+ l )  ]l/2[a;+l,m_aJ_l,m]=0 
cot + r  cor "r2avm" + 2 (30) 

We note that in this approach there are only two independent 
components of the four potential A u. These are found from the real and 
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imaginary parts of d2om . The rest of the expansion coefficients are determined 
from these, and from the sources J through Eqs. (28) and (29). This makes 
the formalism of SU(2) a particularly convenient one in which to quantize 
the four-potential A, .  

3. QUANTIZATION OF THE ELECTROMAGNETIC VECTOR 
POTENTIAL IN THE SU(2) FORMALISM 

In the last section we saw tat in the SU(2) formalism the problem of 
finding the electromagnetic vector potential A,  could be reduced to that of 
solving one partial differential equation, Eq. (27). This equation determines 
one complex-valued function from which all the usual real components of A,  
can be found. In this section we quantize the free electromagnetic field by 
quantizing the electromagnetic vector potential as expressed in the SU(2) 
formalism. The advantage of this approach is that the number of independent 
variables is equal to the number of independent degrees of freedom, so none 
of the gauge problems associated with the usual methods of quantizing A,  
arise. Since the equations for A,  in the SU(2) formalism are similar to those 
found by Carmeli ~3) for the free electromagnetic field f , . ,  we follow his 
method of quantization. 

We begin by considering Eq. (27) as a complex wave equation, and 
quantize its field following the canonical procedure. For simplicity define 
aim(t, r) by 

a~ - rd~m (3 I) 

and denote by [] the two-dimensional D'Alembertian [] = ~2/~X"c3X,, with 
/J = 0, 1; AT"= (t, r); and X,  = ( t , - r ) .  Using this notation, we can rewrite 
Eq. (27) as 

[[] + j ( j  + 1)/r 2 ] a~ = O, 0 < r < (32) 

in the free-field case, wi th j  = 0, i, 2 .... and m = - j ,  - j  + i ..... 5 An equation 
similar to (32) can be written for the complex conjugate function am.i* 

The Lagrangian density for Eq. (32) is 

L = ~ co 71L~ (33) 

with 

j ( j + l )  .. j (34) 
r2 a~ a m 
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and 

coi= 2 j ( j +  1)(2j + 1) 

The summation in Eq. (33) is over j = 0, 1, 2, 3 .... and m = - j ,  - j  + 1 ..... j .  
• j ,  

From Eq. (33) we find that the momenta conjugate to aSm and a m are 

= = a m  ( 3 5 )  

and 
j*  

rc m = 8L/edJ~ = o97 l dJ m (36) 

The Hamiltonian density can now be computed, and we find 

H = S  ~ [ J* J _ {Oa~* Oak j ( j + l )  j. j )  
('Dj~m ~m + (.Oj 1 \- -~r Or + r 2 am am (37) 

If we now assume that a, a*, zc, and ~z* are Hermitian operators which 
satisfy the equal time commutators 

[a~(t, r), 7~(t, r')] = [a~(t, r )* ,  ~r~(t, r ')*] : i6Jk~m.(r - r ' )  (38) 

and that all the other commutators vanish, then we have quantized the free 
electromagnetic field in the SU(2) formalism. 

We may next expand our field a~(r ,  t) as 

aim(r, t) : ~ cJ(oo)RJm(OOr ) e '°'t d w  (39) 

where R j satisfy Bessel's equation 

R ~ ' +  [co x - - j ( j  + 1) /r2]RJ m --- 0 (40) 

so that we choose the solutions regular at the origin. Asymthotically 

R ~ ( w r )  1 sin c o r - - j - - ~  o)r>>j (41) 
r-~o~ '> Mr'----Y" 

1 (cor J) 
Rgm(mr) °~reJ~ r (2 j+a) ! l  (42) 

They can be normalized in a spherical box of large radius (R). C14) 
It follows then that the creation operators C~(co) satisfy 

[C~(co), C~+(w')] = C~m,, 6jj, 6o,,o, (43) 

and create states of definite j,  m, and energy w. 
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4. CONSERVATION LAWS 

Following the canonical procedure, the energy-momentum tensor is 
defined as 

T.~ = N' c~L ~a~m c~L a~ t/.~L (44) 
j.'-~ c~(c~aJm/cgX ~) c~X ~ + ~(c~aJ£/c~X u) c~X ~ 

with the Lagrangian density L given in Eq. (33) and t/.v defined by 

Using the Euler-Lagrange equations 

O(aJm) c~X" c~(gaJm/~X ") = 0 (46) 

8 ( aL ) 
c~(a~) c~X*' ~(c~a~/#X" = 0 (47) 

j j* 
and the fact that L = L(a~, a~', ~am/c~X . , Oam/c~X.), it is easy to show that 

c~X ~ Tuv = 0 (49) 

as expected. Comparison of Eqs. (37) and (44) shows that 

T 0 o = H  

is the Hamiltonian density, and 

Again 
vector 

(50) 

i i* a#£ To1= ~" 7Cm-~r +rc,~ (51) 
j ,m ar 

following the canonical procedure, we define the momentum 

P~ = f To~ dr (52) 

and note that Po is the Hamiltonian and 

P1 ~ J J" J* j* (53) = ~ m a r n  + a m  7C m 
j ,m  
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Fina l ly ,  using the commuta t ion  relat ions (38), it is s t ra ightforward to 
show that  

i[P,,,  a j ]  = Oa~/OX' ,  ilP~,, a~£ ] = ~aJ£/OX" (54) 

Equat ions (54) show the internal consistency of  our quant izat ion procedure  
for the wave equat ion (32). 
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