
Math 105C Final Exam (100 points)

Name:

• Check that you have 12 questions on six pages.

• Show all your work to receive full credit for a problem.

You may use any of the following facts:

(uv)′ = u′v + uv′
(u

v

)′
=

vu′ − uv′

v2

(bx)′ = (ln b)bx (logb x)′ =
1

(ln b)x

(sinx)′ = cos x (cosx)′ = − sinx (tan x)′ = sec2 x

(arcsinx)′ =
1√

1 − x2
(arccosx)′ =

−1√
1 − x2

(arctan x)′ =
1

1 + x2

1. (8 points) Find the derivative of the following functions.

(a) f(x) = arctan(3x)ex−7

(b) g(x) = cos(
√

x4 + 3x2)





3. (8 points) Evaluate the following limits.

(a) lim
x→0

sinx

ex

(b) lim
t→∞

5t

2t



4. (7 points) You are standing at the edge of a swimming pool and watching a friend who is
swimming in a swim meet. Your friend is swimming in a straight line at a constant distance
of 5 feet from you. Your friend passes you and continues to swim at a speed of 4 feet per
second. At the moment when your friend is 13 feet from you (diagonally), at what rate is the
distance between you and your friend changing?



5. (8 points) You produce boxes that have no top and a height of 5 feet. What dimensions will
result in the largest possible volume if you have 300 square feet of material out of which to
build each box? Be sure to show how you know you have found the optimal dimensions.



6. (8 points) Let f(x) = 12 − 3x2 − x3.

(a) The Intermediate Value Theorem (IVT) says that if a function f is continuous on the
interval [a, b] and y is any number between f(a) and f(b), then there is a c in [a, b] such
that f(c) = y. Use the IVT to explain why f(x) has a root in the interval [1, 2].

(b) Use Newton’s Method to find the root in the interval [1, 2] to three-decimal-place accu-
racy.



7. (8 points) The Mean Value Theorem says that if a function f is continuous on [a, b] and

differentiable on (a, b), then there is a c in (a, b) such that f ′(c) =
f(b) − f(a)

b− a
.

Let f(x) = x2/5. Does f satisfy the hypothesis of the MVT on each of the following intervals?
Explain. If f does satisfy the hypothesis of the MVT, find the value(s) of c guaranteed by
the MVT.

(a) [−2, 1]

(b) [1, 32]



8. (8 points) The temperature T (in degrees Fahrenheit) of a beef roast t minutes after it is taken
out of the oven is given by the function T (t) = 70 + 330e−0.02t. Include units in your answers.

(a) Find the average rate of change of temperature of the beef roast from time t = 0 to t = 5
minutes.

(b) Show that T (t) is a solution of the differential equation T ′ = (−0.02)(T − 70).

(c) Use the differential equation in part (b) to find the temperature of the beef roast at the
instant when its temperature is decreasing at a rate of 4 degrees Fahrenheit per minute.



9. (8 points) Evaluate the following definite integrals.

(a)

∫ e2

1

(
2 − 3√

x
+

11

x

)
dx

(b)

∫ 1

−5

(4 − |x − 1|) dx





11. (9 points) Consider the limit lim
n→∞

2

n

n−1∑

k=0

ln

[(
0.5 +

2k

n

)2
]
.

(a) Express the limit as the definite integral of an appropriate function.

(b) Draw a sketch that illustrates the approximation L4 to the definite integral you found in
part (a). (Do not compute L4. Simply draw a sketch.)

(c) Estimate the integral you found in part (a) by computing L50 and R50 to four decimal
places.



12. (6 points) Let P (t) denote the population (in thousands) of a town, where t is the time in
years since the year 2000. Interpret the following statements in this context. (In other words,
write sentences explaining what each of the following mathematical statements mean.)

(a) P (5) = 50

(b) P ′(5) = 10

(c)

∫ 5

0

P ′(t) dt = 25


