
Math 205B Final Exam (100 points)

Name:

• Check that you have 8 questions on four pages.

• Show all your work to receive full credit for a problem.

1. (15 points) Let W be the subspace spanned by the two vectors ~u1 =




2
1
1


 and ~u2 =




−1
2
0


.

Let ~y =




1
3
2


.

(a) Is the vector ~y in W ? Explain.

(b) Find a vector in W that is closest to ~y.

(c) Find a vector that is orthogonal to W .



2. (15 points) Orthogonally diagonalize the matrix A =

[
−7 24
24 7

]
. (The eigenvalues of A are

25 and −25.)



3. (12 points) Determine if the following sets are subspaces of the appropriate vector spaces. If
a set is a subspace, find a basis and the dimension of the subspace.

(a) W =








2a − c + d
b − 2c − 2d
a + 3b + d
2b + c + d


 : a, b, c, d are real numbers.





.

(b) All polynomials in P3 of the form t + a.



4. (12 points) Let ~p1(t) = 2t − t2, ~p2(t) = 2t, ~p3(t) = 2 − t.

(a) Use coordinate vectors to show that B ={~p1, ~p2, ~p3} is a basis for P2.

(b) Find the polynomial ~q in P2, given that [q]B =




0
1

−1


.



5. (10 points) Suppose {~v1, ~v2} is a linearly independent set in R7.

(a) Show that {~v1 + ~v2, ~v1 − ~v2} is also a linearly independent set.

(b) Is ~v1 in Span{~v1 + ~v2, ~v1 − ~v2}? Explain.

6. (8 points) Suppose U is an n× n orthogonal matrix. For every vector ~x in Rn, show that the
length of the vector U~x is the same as the length of the vector ~x. (Hint: Length of U~x is√

U~x · U~x and length of ~x is
√

~x · ~x. So it is enough to show that U~x · U~x = ~x · ~x.)







(f) Let T : R4 → R2 be the linear transformation given by

T (x1, x2, x3, x4) = (x1 + x2 − 2x4, 2x3 + x4).

What is the standard matrix of T ?

(g) Let T : M2×2 → R2 be the linear transformation defined by

T

([
a b
c d

])
=

[
a − c
b − d

]
.

i. Find T

([
−2 5

0 20

])
.

ii. Let ~b =

[
1
1

]
. Find a matrix A in M2×2 such that T (A) = ~b.




