MATH106A CALCULUS II - PROF. P. WONG

EXAM I - FEBRUARY 2, 2007

NAME:

Instruction: Read each question carefully. Explain ALL your work and

give reasons to support your answers.

Advice: DON’T spend too much time on a single problem.

Problems Maximum Score Your Score
1. 20
2. 20
3. 20
4. 20
5. 20

Total 100
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1.(10 pts.)(a) Evaluate the definite integral
w/2
/ e cosx dx.
0

Let v = sinz. Then, du = cosx dz. When z = 0,u = 0 and when
x =m7/2,u= 1. Thus, we have

w/2 1
/ "M% cosx dr = / e" du
0 0

1

=e—1.
0

:eu

(10 pts.)(b) Evaluate the indefinite integral

2z + 223

— dx.
Vit

Let v = 1+2? so that du = 2z dz. Now, the numerator 2z + 223 dx
becomes 2x(1 + z%)dz = u du. Thus,
27 + 223 d:n:/i du
V1+a? Vu

:/u1/2 du

U3/

2 2
%+C:§u3/2+025(1+$2)3/2+0
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2.(20 pts.) Find the area of the region bounded by the curve y = Inz,
the x-axis, and the line z = e(2 — y). [Hint: sketch a picture of the region
by determining the points of intersections among these curves and lines]

First we sketch the graphs fo these curves. They intersect at
the point (e, 1).

y=1Inx
x=e(2-y)

~_10.2)

(e,1)

(2e,0)

(1,0)

By choosing a horizontal slice, the z-coordinate of the left end-
point of the slice is ¢/ (derived from the curve y = Inz) while the
z-coordinate of the right endpoint is ¢(2 — y). Thus, the area of

this bounded region is given by

2 1

1
/ e(2—y)— e dy:e(%—%)—ey
0

0

=2 5)—d-0-]= 41

If you want to use vertical slices, you need to write the area as the sum

of two definite integrals as follows.

e 2e T
/lnxdaz—l—/ 2 — — dux.
1 e €
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3. (10 pts.)(a) Consider a function f given by the following table.
T 212513354
f) 2] of4] 2|1

Find T}, M5 using the trapezoidal and the mid-point rules respectively for
the definite integral f24 f(x) dx.

First, we compute the Left-Hand Sum and the Right-Hand Sum.
Note that Ax =0.5.

Li= (240444 (—2)(05)=2  Ri=(0+4+(—2)+1)(0.5) = 1.5
> _ Lat+ Ry

2
Similarly, for the Mid-point Rule, we have only two subintervals

each of which has length 1, i.e., Az = 1. Now,

My = (£(2.5) + f(3.5))Az = (0 + (=2))(1) = —2.

Ty = 1.75.

(10 pts.)(b) Recall that the error committed by using the trapezoid ap-
Abh_p\3

proximation 7;, is less than or equal to % where |f”(x)] < Ky for

some constant Ky over the interval [a, b]. Use this result to give an upper

bound for the error committed by Ty for

1 2
I:/ez dx.
0

Here f(z) = ¢*”. Tt follows that f/(z) = ¢**2z and f"(z) = (¢*"22)(2z)+
(e*")(2). Over the interval [0, 1], we have

|F7(2)] < (€2)(2) + e'2 = 6e

so we let Ky = 6e. It follows that
6e(1 —0)3 e

I—Tyl < -
| 8 < 1282 128
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4. Let R be the region bounded by the graph of y = (z — 1)* and the line
y=x+ 1.
(15 pts.) Find the volume of the solid obtained from rotating the region

around the z-axis.

N

oo
R
>

(34

R R R ey
LR,

©.1

(1.0

The points of intersection A and B are (0,1) and (3,4) respec-
” whose thickness

tively. A typical slice of this solid is a ”washer

is Az. The radii are measured from the straight line y = z + 1 and
to the z-axis respectively. Thus, the

from the curve y = (z — 1)
volume of the solid is given by

3
= Tl 2—7T T — 212 X
V‘/o (x 4+ 1)~z — 1) d

3
:77/ (2 +2c+1)— (2" —42® 4+ 62> -4z +1) d
0

3
:77/ —xt 423 — 52?4 62 d:z::w—x——l—;v -0 +3z7| =
0 5 3 0
(5 pts.) SET UP (do not evaluate) a definite integral representing the
arc length of the portion of the curve y = (r — 1) from A to B where A

and B are the points of intersection.
(x — 1)% so that f'(z) =2(z—1) and [f'(2)]* = 4(z* —

=(0,1) to B = (3,4) is given

Here f(z) =
2z+1). The length of the curve from A

by

/de—/ V14 4(22 =22+ 1) dx—/g\/T%dx
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5. (10 pts.)(a) Consider the initial value problem

dy
dz Y
with y(0) = —2.

Estimate the value y(1) (when z = 1) of the solution using Euler’s method
with two steps with initial point (0, —2). DO THIS BY HAND and show all
your steps.

There are two subintervals with zo = 0,27 = 0.5 and z, = 1.
By the Euler’s method, we have y; = yo + f(x0,y0)Azx = (—-2) +

(20Y0)(0.5) = —2. It follows that
y2 = y1 + (r1y1) Az = (—2) + (0.5)(—2)(0.5) = —2.5.

Thus, y(1) ~ —2.5.

(10 pts.)(b) SET UP (do not evaluate) a definite integral representing
the work done in pumping fluid from the cone-shaped tank in the figure to
the rim. The fluid has density p (constant) and the depth of the fluid is

10m. [gravitational constant is g]

12.5m

A typical layer of fluid has weight pgnr?Ay. Using similar trian-
gles, 5 = %(']5 or r = %y. The distance to be lifted is 20 — y and the
layer varies from height y = 0 to y = 10. Thus, the total work done

10 5 2
Wz/o pgm <§y> (20 —y) dy.

is given by



