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Abstract 

 Periodic returns, and their arithmetic mean, are widely used to estimate expected 
returns in tests of the capital asset pricing model (CAPM).  However, Jensen (1968) pointed 
out the need to use continuously compounded returns to solve what he referred to as the 
"horizon problem" since the length of the period in the original CAPM was not specified.  
We show that in the original one-period CAPM, the linear relationship between beta and the 
expected periodic return is obtained only by adjusting the expected continuously 
compounded return, and the linearity is well-preserved as the length of the period over 
which returns are measured is increased.  If investors fail to adjust the expected continuously 
compounded return as required by the CAPM, variable rates of growth will generate a 
positive, non-linear relationship between beta and the expected periodic return relative that 
becomes more evident empirically, as (1) the interval over which returns are measured is 
increased, and (2) when the volatility of returns is greater.  Tests that use monthly periodic 
returns will have difficulty distinguishing between the differences in periodic returns that 
arise statistically from the differences in the variances of returns from the differences that 
arise from how investors price securities in response to their perceptions of risk.  Numerical 
examples and simulations show how both the varying degrees of apparent support for the 
CAPM and the "anomalies" reported in the literature are what we should expect when 
investors do not adjust their valuations in the way required by the CAPM.  
 
 
Alternative Abstract 
Periodic returns are widely used to estimate expected returns when testing the CAPM.  
Consistent with Jensen's (1968) solution to the "horizon problem", we show that in the 
original one-period CAPM, the linear relationship between beta and the expected periodic 
return is obtained only by adjusting the expected continuously compounded return, and the 
linearity is well-preserved as the length of the period is increased.  Using numerical 
examples and simulations, we show how the varying degrees of apparent support for the 
CAPM and the "anomalies" are what we should expect when investors do not adjust 
valuations as required by the CAPM. 
 
Not for quotation or distribution beyond the CBB Economics Seminar.
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Introduction 

 This paper shows that measurement matters when it comes to security returns and 

tests of the CAPM.  Most tests of the CAPM use periodic returns and have been conducted 

within the framework of a one-period model, even though it is necessary to use returns over 

several periods to estimate beta.  The length of the period was not specified in the original 

one-period CAPM and, while the simple periodic return appears to be a reasonable measure 

of return in a one-period model, Jensen (1968) recognized the need to use continuously 

compounded returns, or the natural logarithm of the return relative, to solve what he referred 

to as the “horizon problem”, anticipating Merton’s (1973) inter-temporal CAPM that models 

returns using geometric Brownian motion (GBM).  In spite of its theoretical attractiveness, 

Jensen’s (1972) test of Merton’s model using monthly portfolio data from Black, Jensen, 

and Scholes (1972) was not supportive, perhaps explaining why there was no mention of 

continuously compounded returns in the Black, Jensen, and Scholes paper. 

 We argue that monthly periodic returns have become dominant in tests of the CAPM 

since they generally produce a positive risk-return relationship as required by the theory, 

while presenting fewer of the empirical "anomalies" that are observed when using quarterly 

or annual returns.  Furthermore, the continuing preference for monthly periodic returns and 

their arithmetic mean may reflect the hope that the “anomalies” might be successfully dealt 

with by improving the statistical methodology and/or by relaxing some of the model’s 

assumptions.  In an early test, Miller and Scholes (1972) examined a number of statistical 

reasons that may have accounted for the results reported by Lintner (1965) and Douglas 

(1968) that were at odds with the theory, and found that (a) measurement error in the 

estimated betas, (b) a correlation between the estimated betas and diversifiable risk, and (c) 
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a sampling correlation between the average return and diversifiable risk arising from the 

skewness of the annual returns, were reasonable explanations for the statistical results that 

were at odds with the theory.  Alternatively, Black, Jensen, and Scholes relied on Black’s 

(1972) suggestion that, in the absence of risk-less lending and borrowing, the changing 

return on a minimum variance zero-beta portfolio across the different sample periods might 

account for the variations in the intercept that did not equal the predicted value.  Recently, 

Campbell and Vuolteenaho (2004) suggest that there are two kinds of beta in the inter-

temporal setting that may account for the relatively poor performance of the CAPM since 

the early 1960s and the apparent significance of the size and value factors identified by 

Fama and French (1992).  Although the measure of expected return in their inter-temporal 

model is the expected continuously compounded return, Campbell and Vuolteenaho choose 

to test their model by using the expected monthly periodic return to make their results 

“easier to compare with previous empirical studies” (2004, p. 1263).    

 We start by noting four key elements. (1) Logarithms were developed1 for the 

purpose of transforming the process of multiplication, or compounding, into an additive 

(linear) process, and that periodic return relatives and their natural logarithms are alternative 

measures of the same set of possible or observed outcomes.2  These two return measures, 

however, do represent different ideas.  While the simple periodic return is often referred to 

as the rate of return, or as a “flow variable”3, it only reflects the ratio of the final value to 

initial value and does not represent, as does the continuously compounded return, the rate of 

growth over the period that transforms initial value into final value; (2) Growth in value is 

inherently a non-linear process4 and we argue that the impact of compounding must be 

recognized in formulating the null hypothesis in asset pricing tests.  A basic reason to focus 
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on continuously compounded returns is that their expected value depends on how investors 

price securities, a notable quality in testing a model of asset pricing, and their mathematical 

expectation does not depend on the variance of returns.  If the expected continuously 

compounded rate of return is held constant, an increase in the variance of continuously 

compounded rates of return will, reflecting the non-linearity of growth, necessarily increase 

the expected periodic return or the expected ratio of final to initial wealth.  (3) There is no 

correct length of time over which to measure returns and this, of course, is the origin of 

Jensen’s “horizon problem” and why we argue that the role of compounding in generating 

returns must play a central role in formulating tests of the CAPM.  By focusing on 

continuously compounded returns, which scale linearly with time, we are able to show how 

valuation adjustments, which alter the expected upward drift in investment value over time, 

can lead to the (approximate) linearity of the relationship between the expected periodic 

return and beta that is called for by the CAPM;  (4) If investors do not alter their valuations 

in response to the variability of returns, there will be a positive correlation between 

measures of risk based on the variability of returns and the expected periodic return.  And 

while the numerical difference between the continuously compounded rate of return and the 

corresponding periodic return may be small over short intervals of time, the difference 

between the null hypothesis and the alternative predicted by the CAPM will become more 

evident (a) when returns are measured over longer intervals of time, or (b) when returns are 

more variable, both because of the non-linearity.  This allows us to test the CAPM by 

observing the way the empirical evidence changes as the length of the period over which 

returns are computed is increased and/or when the level of market volatility in the sample is 

greater.    
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  The argument for focusing on the interplay between continuously compounded 

returns and periodic returns in tests of the CAPM has much in common with the well-know 

debate concerning the arithmetic and geometric means of periodic returns as proper 

measures of expected returns.  We analyze this debate more closely in Section I, using the 

example from Ibbotson Associates (2001).  While the Ibbotson example may appear to end 

the debate in favor of the arithmetic mean, and by implication in favor of using periodic 

returns, we use this example to show that periodic returns and their arithmetic mean capture 

information about both (1) the expected continuously compounded return, which we argue 

represents the determinant of return that reflects how investors price securities in response to 

their aversion to risk, and (2) information about the variance of returns, which is the source 

of risk in asset pricing models.  This, of course, reflects the well-known relationship 

between the arithmetic mean of periodic returns and the geometric mean plus half the 

variance of periodic returns.  While this may be described as a “mechanical” relationship, 

this is precisely the point of this paper: the empirical results from tests of the CAPM that use 

periodic returns are essentially “mechanical” and are best understood as statistical artifacts 

that have been misleading in what they suggest about how investors price securities.   

 Section II uses a simple, discrete distribution of returns to show how the expected 

continuously compounded return must be adjusted to obtain the linear relationship between 

beta and the expected periodic return called for by the one-period CAPM.  In a test of the 

CAPM, the Null Hypothesis that the expected periodic return has no relationship to beta 

requires that the expected continuously compounded return is adjusted downward as 

investors capitalize into security value the benefits of increased variability on the expected 

periodic return.5  This may be referred to as a risk-neutral valuation, but we note that it 
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presumes that risk is measured by the simple variability of returns over time, which is an 

issue we return to shortly.  Section III uses the framework of a simple, discrete distribution 

to show that the empirical evidence reported in the literature is precisely what we should 

expect to observe when investors do not value securities on the basis of either beta or even 

the simple variance of returns over time.  Section IV uses geometric Brownian motion 

(GBM) as a first-order approximation for the evolution of security prices to show how, using 

numerical examples and simulations, the empirical results reported by Black, Jensen, and 

Scholes (1972) and Miller and Scholes (1972) are what we should expect when the CAPM 

does not describe security valuation.  Finally, Section V presents empirical evidence, based 

on the portfolio data generously made available on Kenneth French’s web site, to show that 

tests of the CAPM that use periodic returns reflect, primarily, that portion of the periodic 

return that is mathematically due to variance.  We show that the difference between the 

arithmetic and geometric means of periodic returns is well explained by the variance, but 

that the geometric mean, the periodic return measure that (1) has the considerable virtue of 

reflecting the compounded return investors actually receive over time as compensation for 

risk, and (2) is a consistent estimator of the expected compounded return, is not well 

explained by either the variance of returns or beta.   

 In summary, the interpretation of the empirical evidence offered here indicates that 

investors do not price securities in a way that adjusts the expected continuously compounded 

return as called for by the CAPM.  This is not surprising, at this point in time, after so many 

tests of the CAPM have been less than successful.  But also, it is not clear why risk, if it is 

taken seriously, should be estimated so easily, as it is in tests of the CAPM, using the 

simplest time-series regression in economics.6  This is not to suggest that risk should not be 
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defined in the context of a portfolio, which is the central appeal of the CAPM.  A portfolio is 

an appropriate way to help deal with risk, however it is defined, but estimates of systematic 

risk that arise from the simple time-variability of returns falls far short of what is needed in 

determining security value.  Perhaps we should return to what some may consider the 

beginning of modern corporate finance, when portfolio theory was just on the horizon.  In 

the process of defining a risk class for the purpose of their analysis, Modigliani and Miller 

(1958, p. 266) wrote: 

“Notice also that the uncertainty attaches to the mean value over time of the 
stream of profits and should not be confused with variability over time of the 
successive elements of the stream.  That variability and uncertainty are two 
totally different concepts should be clear from the fact that the elements of a 
stream can be variable even though known with certainty.  It can be shown, 
furthermore, that whether the elements of a stream are sure or uncertain, the 
effect of variability per se on the valuation of the stream is at best a second-
order one which can safely be neglected for our purposes (and indeed most 
others too).” 

 

To place this in the context of the present analysis, the uncertainty of the mean value over 

time of the stream of profits may be best represented by the uncertainty of the expected 

value of the continuously compounded return, or its periodic equivalent, the expected 

compounded (i.e., geometric) return.  After all, the variance of returns is easily estimated, 

but the expected value of the continuously compounded return presents a far more serious 

challenge to econometricians and, presumably, investors.7 



 8 

I. Why periodic returns and their arithmetic mean offer more than researchers expect. 

 
We start by examining the well-known debate over the arithmetic and geometric 

means as estimators of the expected return, using an example from Ibbotson Associates 

(2001).  What is missing in the Ibbotson example is an identification of the separate but 

related roles of the expected continuously compounded return, or the expected upward drift 

in asset value, and the expected variability in the drift, that together generate the possible 

end-of-period, or end-of-horizon wealth values.   

Starting with a risk free return relative of 1.10, or a risk free continuously 

compounded rate of ln(1.10) = 0.095310, we introduce the two equally likely return relatives 

from the Ibbotson example of 1.30 and 0.90, which have an arithmetic mean equal to the 

risk free rate of 1.10.  The four, equally likely sequences of return relatives over a 2-period 

horizon, reproduced in Table I, show that the expected 2-period return relative is 1.21, and 

this is the square of the arithmetic mean.  Thus, the arithmetic mean of the return relatives is 

the population mean and its compounded value yields the expected value over this 2-period 

horizon (or over any n-period horizon).  The geometric mean of 1.081665 has neither of 

these qualities since the square of the geometric mean provides the median value of 1.17, 

which is below the expected value, reflecting the positive skewness introduced by 

compounding variable periodic returns.  We know that the Ibbotson example “works” 

mathematically because (1) the expected value of a random variable with equally likely 

outcomes is provided by its arithmetic mean and (2) the expected value of the product of 

independent random variables is the product of the expected values.8   
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Table I
Periodic Return Relatives

Total Return Geometric
period #1 period #2 Relative Mean

1.3 1.69 1.3
1.3 0.9 1.17 1.081665

1
0.9 1.3 1.17 1.081665

0.9 0.81 0.9

Arith Mean 1.1 1.1 1.21 1.090833
Geom Mean 1.081665 1.081665 1.17

Continuously Compounded Returns
ln( Total Ret.  Average Cont.

period #1 period #2   Relative )     Comp. Ret
0.26236 0.52473 0.26236

0.26236 -0.10536 0.15700 0.07850
0

-0.10536 0.26236 0.15700 0.07850
-0.10536 -0.21072 -0.10536

Arith Mean (drift) 0.07850 0.07850 0.15700 0.07850
Variance 0.03381 0.03381 0.06761 0.01690

 

We first note that for the uncertain return relatives in the Ibbotson example, with an 

expected periodic return of 1.10, the continuously compounded returns are asymmetrically 

distributed around the risk-free continuously compounded return at 0.2623643 and -

0.1053605, making the expected continuously compounded return, (e.g., expected drift) fall 

to 0.0785019.  Thus, if the expected periodic return is held constant and we increase the 

variance of possible outcomes, we necessarily lower the expected continuously compounded 

return, or the expected rate of growth.  (This is what leads to the risk-neutral valuation of the 

Null Hypothesis in tests of the CAPM.)  The exponential of the expected drift (0.0785019) is 

1.0816654, which equals the geometric mean of the population, and this is the compounded 

return observed in the illustrative samples referenced in footnote 8.  The variance of the 

continuously compounded returns is 0.0338054 and the exponential of the expected drift 

plus half the variance is 1.1001038, a value close to the arithmetic mean.  If the continuously 
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compounded returns were normally distributed, we would have the case of GBM and the 

relationship would be exact.9  Thus, the expected periodic return captures both the expected 

growth over the period, and the expected variability in the growth that creates the 

asymmetry in the compounded periodic returns.   

While the Ibbotson example concerns the population means, sample means must be 

used in tests of the CAPM.  The arithmetic mean of the continuously compounded returns 

from this binary distribution is an unbiased estimator of the expected continuously 

compounded return, or µ, and this is the key parameter under the control of investors when 

they price securities.  The arithmetic mean of return relatives is an unbiased estimator of the 

expected return relative and will have, in the limit for this binary distribution, the expected 

value of exp(µ+σ2/2).  Thus, the arithmetic mean of an n-period sample of return relatives 

will reflect, mathematically, the expected increase in value that is based on security pricing, 

exp(µ), and the added increase in value that arises from the compounding of the variable 

returns, exp(σ2/2), which generates asymmetry in the periodic returns and, in the context of 

the CAPM, is the source of risk.   

The sample geometric mean of n-period return relatives drawn from such a binary 

distribution is asymptotically distributed with a lognormal distribution and the first two 

moments are (µ, σ2/n)10: with n=2, the parameters areµ = 0.0785019 and n2σ  = 

0.0338054/2 = 0.01690269.  Thus, the expected geometric mean of periodic returns from a 

lognormal distribution over a 2-period horizon equals exp(0.0785019+0.01690269/2) = 

1.09084865 and is reasonably close to the expected 2-period compounded return of 

1.090833 generated by this binary distribution.11  As n increases, the expected geometric 

mean, or the expected compounded return, approaches exp(0.0785019) = 1.081665, as n2σ  
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goes to zero.  Thus, the sample geometric mean is a consistent estimator of the expected 

compounded return exp(µ), or the geometric mean of the population, which is the portion of 

the expected periodic return that is not due to the variance of returns. 

 All of this is well-know, but is apparently not fully appreciated when it comes to 

testing asset pricing models.  Investors are interested in end-of-period, or end-of-horizon 

wealth, and the arithmetic average of periodic returns captures what investors might receive 

on average over any investment horizon; this has always been its defense as the appropriate 

measure of expected return.  Yet, periodic returns serve this function by capturing both the 

non-linearity in the outcomes from the expected drift and the asymmetry of outcomes that 

arises from the non-linearity when variable returns, either instantaneous or periodic, are 

compounded.  Thus, tests of the CAPM that “explain” periodic returns as a function of a risk 

measure based on the variability of returns will have some degree of explanatory power, 

while potentially revealing little, if anything, about how investors price securities in 

response to the risk they perceive. 
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II. The Role of Periodic and Continuously Compounded Returns 

in Tests of the CAPM 

 We now develop a simple example using a discrete distribution of returns to 

illustrate the essential issue in an asset pricing model, namely, how a security is priced so 

that it will have the expected rate of return predicted by the either the one-period CAPM or 

the inter-temporal, continuous-time CAPM.   

 The natural log of the price of security j, )ln( ,, tjtj Pp = , follows a random walk with 

drift jµ and a random innovation tj ,ε , where tj ,ε is distributed with a symmetric, binomial 

distribution12 with mean 0 and variance )(2
tj εσ , for all t: tjjtjtj pp ,1,, εµ ++= − .  Risk arises 

from the fact that the realizations of continuously compounded returns are determined by the 

random arrival of either good or bad news unique to that security, represented bytj,ε .  Yet, 

the re-pricing insures that the expected drift, or continuously compounded rate of return for 

the subsequent period, remains atjµ , reflecting the assumption of market efficiency, and 

E[ tj,ε ] = 0.  The change in the natural log of the security price, or the natural log of the 

return relative, )ln( 1,, −tjtj PP , represents the one-period continuously compounded return, 

tjCr ,, .    

 tjj
tj

tj
tjtjtjtjtjC P

P
PPppr ,

1,

,
1,,1,,,, ln)ln()ln( εµ +=







=−=−=
−

−−   (1) 

If the tj,ε are independent across securities, investors will, in the limit, be able to eliminate 

the firm’s idiosyncratic, or diversifiable risk, by holding diversified portfolios.  At the core 

of modern portfolio theory, however, is the recognition that securities share a common co-
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movement and diversified portfolios only reduce, but do not eliminate risk.  Accordingly, 

we model a security’s continuously compounded return as 

  tjtjjtjC mr ,,, εβµ ++=         (2) 

where mt is a market factor to which all security prices respond according to theirjβ .  The 

market factor is also distributed with a symmetric, binomial distribution with expected value 

0 and variance 2
mσ .  The expected value and variance oftjCr ,,  are given in equations (3) and 

(4). 

 jtjCrE µ=][ ,,          (3) 

 )(][ 2222
,, tjmjjtjCrVar εσσβσ +== .      (4) 

In this environment, tm  and tj,ε are not under the control of investors, but investors do 

control what they pay for a risky security.  If risk-averse investors respond to risk, however 

measured, in setting the value ofjµ , we should use the arithmetic mean of a sample of 

continuously compounded returns to obtain an unbiased estimate of jµ .  However, the 

expected value of the periodic return relative will depend on both the expected value of the 

drift, jµ , and the variance of the continuously compounded returns, 2
jσ , as represented in 

equation (5): 

 ( ) )2/(
,

1,

,
2

1 jjerEP
P

E tj
tj

tj σµ +

−
≅+=















      (5) 

If mt  and tj,ε were distributed normally, we would have geometric Brownian motion (GBM) 

and the approximation in equation (5) would hold exactly.  For now, we stay with the 

discrete distribution since the point does not depend upon the precise distribution of returns, 
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but only on how returns are measured and the combined role played by jµ and 2
jσ in 

generating the expected outcomes.  Utilizing equation (4), the expected value of the simple 

periodic return is given by 

  ( ) ( ) 1)2/)(exp(1)2/exp( 2222 −++=−+≅ tjmjjjjjrE εσσβµσµ .  (6) 

   For the numerical examples in Table II, we initially set jµ to the average monthly 

risk-free, continuously compounded return over the period of January, 1929 to December, 

2001 of 0.00313618.   The market factortm in this one-period example is drawn from a 

binomial distribution with equally likely outcomes of ± 0.0557499, which are scaled by the 

security's jβ .  The variance of the market factor is 0.0031081 and this equals the variance of 

the monthly continuously compounded return for the market index over the same historical 

period.13  We add values of ± 0.0305355 to represent idiosyncratic risk, tj,ε , with a variance 

equal to 30 percent of the variance of the market factor.14   Since 0][][ , == tjt EmE ε , the 

value of jµ , or the expected drift for each security, equals the risk-free rate of 0.00313618.  

The four equally likely outcomes in this one-period model are provided in the top panel of 

Table II, labeled Symmetric Continuous, for securities with jβ equal to 0.5, 1.0, and 1.5.  

Table II also provides the arithmetic and geometric means of the periodic return relatives 

and the variance of the one-period continuously compounded returns for each security.  The 

exponential of the average drift plus half the variance is computed to illustrate how well 

equation (5) approximates the arithmetic mean of the periodic return relatives of this discrete 

distribution.  Each security’s expected rate of growth, or drift, is not related to the security’s 

variance of returns,2
jσ , or its value of jβ , yet the growth rates do vary because of both 
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tm and tj,ε , and the expected periodic returns, or end-of-period return relatives, are an 

increasing, convex function ofjβ .



    Table II     

Symmetric Continuous Beta = 0.5   Beta = 1.0   Beta = 1.5 

 rC,j = ln(1+rj) (1+rj)  rC,j = ln(1+rj) (1+rj)  rC,j = ln(1+rj) (1+rj) 

(1) 0.06154664 1.06348009  0.08942160 1.09354160  0.11729656 1.12445285 

(2) 0.00047565 1.00047576  0.02835061 1.02875632  0.05622558 1.05783628 

(3) 0.00579671 1.00581354  -0.02207826 0.97816368  -0.04995322 0.95127392 

(4) -0.05527428 0.94622558  -0.08314925 0.92021380  -0.11102421 0.89491708 

average drift 0.00313618  average drift 0.00313618  average drift 0.00313618  

arithmetic mean  1.00399874 arithmetic mean  1.00516885 arithmetic mean  1.00712003 

geometric mean  1.00314110 geometric mean  1.00314110 geometric mean  1.00314110 

var drift 0.00170943  var drift 0.00404047  var drift 0.00792554  

exp(drift+var/2)  1.00399887 exp(drift+var/2)  1.00516973 exp(drift+var/2)  1.00712420 

Risk-Neutral Returns        

 rC,j = ln(1+rj) (1+rj)  rC,j = ln(1+rj) (1+rj)  rC,j = ln(1+rj) (1+rj) 

(1) 0.06069192 1.06257151  0.08740136 1.09133461  0.11333379 1.12000572 

(2) -0.00037907 0.99962100  0.02633038 1.02668008  0.05226281 1.05365261 

(3) 0.00494199 1.00495422  -0.02409849 0.97618956  -0.05391599 0.94751170 

(4) -0.05612900 0.94541717  -0.08516948 0.91835663  -0.11498698 0.89137775 

average drift 0.00228146  average drift 0.00111594  average drift -0.00082659  

arithmetic mean  1.00314098 arithmetic mean  1.00314022 arithmetic mean  1.00313695 

geometric mean  1.00228407 geometric mean  1.00111656 geometric mean  0.99917375 

var drift 0.00170943  var drift 0.00404047  var drift 0.00792554  

exp(drift+var/2)  1.00314110 exp(drift+var/2)  1.00314110 exp(drift+var/2)  1.00314110 

Predicted Slope        

 rC,j = ln(1+rj) (1+rj)  rC,j = ln(1+rj) (1+rj)  rC,j = ln(1+rj) (1+rj) 

(1) 0.06293465 1.06495725  0.09188683 1.09624076  0.12006200 1.12756676 

(2) 0.00186367 1.00186540  0.03081585 1.03129557  0.05899101 1.06076571 

(3) 0.00718473 1.00721060  -0.01961302 0.98057806  -0.04718779 0.95390825 

(4) -0.05388626 0.94753987  -0.08068401 0.92248514  -0.10825878 0.89739534 

average drift 0.00452420  average drift 0.00560141  average drift 0.00590161  

arithmetic mean  1.00539328 arithmetic mean  1.00764988 arithmetic mean  1.00990901 

geometric mean  1.00453445 geometric mean  1.00561713 geometric mean  1.00591906 

var drift 0.00170943  var drift 0.00404047  var drift 0.00792554  

exp(drift+var/2)  1.00539340 exp(drift+var/2)  1.00765076 exp(drift+var/2)  1.00991319 



The next step is to adjustjµ to bring about the Null Hypothesis in tests of the CAPM 

that calls for the expected periodic return to be unrelated to jβ .  Within the framework of the 

CAPM, where the variance of returns over time is the source of risk, this can be thought of 

as a risk-neutral valuation.  Here, investors capitalize the benefits of variable returns into 

price and lower jµ by 2
2
1

jσ  : 2
2
1*

jjj σµµ −= .  The resulting values for continuously 

compounded and periodic returns relatives are labeled Risk-Neutral Returns in the second 

panel of Table II.  The reason the expected drift can decline while the expected periodic 

return is constant for different values ofjβ is that equal deviations above and below the 

declining expected continuously compounded return will generate asymmetric deviations in 

their exponential values, or periodic returns relatives, thereby holding constant, in this case, 

the expected periodic return relative.  

If investors are not risk neutral and seek compensation for the variance they can not 

diversify, the next step is to add to*jµ the value of jβ , multiplied by a scalar that reflects the 

degree of risk aversion in the market, obtaining the positive, linear relationship of the 

Alternative Hypothesis predicted by the CAPM.  We add )( 2
mj γσβ to the expected 

continuously compounded return, capturing the idea that investors will require a greater 

compensation in more volatile markets as compensation for their aversion to market risk; we 

let )( 2
mγσ = 0.0044855, the average market premium above the risk-free return over the 1929 

to 2001 period.  Thus, 22
2
1*

mjjjj γσβσµµ +−=  and the values are labeled Predicted Slope in 

the 3rd panel of Table 2.   

 Table III presents the average values for the drift parameters for 11 securities, with 

values of jβ varying from 0.5 to 1.5 in increments of 0.1.  These are labeled “Drift behind 
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symmetric continuous”, “Drift behind risk-neutral returns”, and “Drift behind predicted 

slope”.  While the values in “Drift behind symmetric continuous” are constant across 

securities, we see in the row labeled “Arith Mean, symmetric continuous” of Table IV that 

the expected periodic return increases withjβ .  The average periodic returns that correspond 

to the remaining two rows in Table III are labeled “Arith Mean, risk-neutral returns” and 

"Arith Mean, predicted slope", respectively, in Table IV.  Graphs 1 and 2 show how the 

expected continuously compounded returns and expected periodic returns vary across 

securities for each of the 3 steps used to obtain the risk-return relationship predicted by the 

CAPM.  Therefore, if investors adjustjµ as called for by the CAPM, the expected drift will 

be 22
2
1*

mjjjj γσβσµµ +−= , and the expected periodic return will be 

( ) 1)exp()exp(1)exp( 22
2
122

2
12

2
1* −+=++−=−+≅ mjjjmjjjjjjrE γσβµσγσβσµσµ .  (7) 

If investors do not respond to either2jσ or jβ in how they value securities, the expected 

monthly periodic returns will be 

1))()(exp(1)exp()( 2
2
12

2
122

2
1 −++=−+≅ tjmjjjjjrE εσσβµσµ .                                 (8) 

 We note that jµ could be the same for all securities, or vary across securities 

depending on other determinants of risk (e.g., the firm size and book-to-market factors 

supported empirically by Fama and French (1992)), while remaining independent of 

either 2
jσ or jβ .  A key point of Graph 2 is that if investors fail to adjust jµ in response to 2

jσ , 

an increase in the variance of returns, which is the presumed source of risk in tests of the 

CAPM, will create its own reward by increasing the expected periodic return.   

By making these adjustments within the framework of the one-period model, we see 

the distinction between the one-period and inter-temporal model is less than what may 
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normally be assumed.  Ignoring the changing investment opportunities that we recognize are 

the added feature of an inter-temporal CAPM, we see that the adjustments tojµ made in the 

one-period model are also required in an inter-temporal asset pricing model.  For example, 

in Equation (31) of Campbell’s (1993) inter-temporal model, the dependent variable is, in 

his notation, the expected continuously compounded return in excess of the risk free return: 

 jbjm
jj

tftjt VV
V

rrE )1(
21,1, γγ −++−=− ++ ,       (9) 

where 2
jjjV σ= , the variance of security j.  The second term on the right side of the equality 

adds )()( 22
2 mjm
m

jm
jmjmV γσβγσ

σ
σ

γσγ === , or the adjustment for risk made in equation (7).  

(Since we ignore the inter-temporal risk, 0=jbV .)  In summary, since some risk gets 

capitalized while other risk gets compensated, it might be said, in the spirit of Campbell and 

Vuolteenaho (2004), that there is both "good risk" and "bad risk".15 

 



 
Table III 

Beta 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 

Drift behind symmetric continuous 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 0.00313618 

Drift behind risk-neutral 0.00228146 0.00211052 0.00190850 0.00167539 0.00141121 0.00111594 0.00078960 0.00043217 0.00004366 -0.00037592 -0.00082659 

Drift behind predicted slope 0.00452420 0.00480180 0.00504832 0.00526377 0.00544813 0.00560141 0.00572361 0.00581473 0.00587477 0.00590373 0.00590161 

 

Graph 1
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Table IV 

Beta 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 

Arith Mean, symmetric continuous 1.00399874 1.00417033 1.00437313 1.00460714 1.00487238 1.00516885 1.00549656 1.00585552 1.00624575 1.00666725 1.00712003 

Arith Mean, risk-neutral 1.00314098 1.00314092 1.00314083 1.00314070 1.00314050 1.00314022 1.00313985 1.00313935 1.00313872 1.00313793 1.00313695 

Arith Mean, predicted slope 1.00539328 1.00584429 1.00629547 1.00674681 1.00719828 1.00764988 1.00810158 1.00855337 1.00900522 1.00945711 1.00990901 

 

Graph 2

0.998

1.000

1.002

1.004

1.006

1.008

1.010

1.012

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Beta

P
er

io
d

ic
 R

et
u

rn
s

Arith Mean, symmetric continuous

Arith Mean, risk-neutral

Arith Mean, predicted slope

 



 22 

 We have obtained a relationship between )( jrE and jβ that is approximately linear in 

Equation (7) for the Predicted Slope in Table IV, and illustrated in Graph 2, using numerical values 

appropriate for monthly returns.  Yet, it may be expected that the risk-return relationship will 

become non-linear when returns are compounded to obtain the expected returns over an n-period 

horizon (e.g., annual): the higher expected return appropriate for a security with 5.1=jβ  will, when 

compounded, produce a greater increment than in the case of the smaller compounded returns for 

securities with jβ of 1.0 or 0.5, thereby introducing convexity.16   

 If investors do value securities and adjust the expected compounded return as called for by 

the CAPM, we can modify Equation (7) to obtain the expected annual simple periodic return, where 

n = 12, since continuously compounded returns and their variance scale linearly with time: 

  ( ) 1)exp( 2
, −+≅ mjjjA nnrE σγβµ .        (10) 

If investors do not respond to variance or diversifiable risk in how they value securities, we can 

modify Equation (8) to obtain the expected annual periodic return.  This gives us:  

 ( ) 1))(exp(1)exp( 2
2
12

2
122

2
1

, −++=−+≅ tjmjjjjjA nnnnnrE εσσβµσµ .    (11) 

 Table V presents the expected periodic return relatives for securities with values of ranging 

from 0.5 to 1.5, in increments of 0.1.  The first panel has monthly and annual returns based on 

Equation (10), and the second panel has monthly and annual returns based on Equation (11).  Each 

panel also presents the change in the expected return relatives as jβ increases.  Graph 3 presents the 

expected periodic returns for monthly and annual observations from each panel to illustrate the 

relative convexity in the risk-return relationship if the CAPM does, and does not describe investor 

behavior.  There are two notable features in Graph 3.  First, we see that the risk-return relationship 

using annual data remains close to linear if the CAPM describes investor behavior.  This is clearly 
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contrary to the possibility mentioned above about convexity increasing when returns are measured 

over multiple periods and compounding is appropriate.17  Second, if the CAPM does not describe 

investor behavior, the convexity in the risk-return relationship will be much easier to identify using 

annual instead of monthly data.  This is easily seen in equation (11) since2
jβ  is scaled by the 

variance of the market return and the variance increases linearly with time.  Although not evident in 

the graph, equation (11) shows that the role of diversifiable risk will become more evident as the 

length of the period over which returns are measured is increased.18   

 While the earliest tests used annual and quarterly periodic returns, the increased availability 

of monthly data allowed monthly data to become the norm.  And since the original CAPM was a 

one-period model and the length of the period was ambiguous, it was reasonable to use returns over 

shorter intervals if that seemed to “solve” some of the empirical “anomalies”.  Thus, the move to 

monthly returns made it more difficult to reject the null hypothesis that the risk-return relationship 

is linear and that diversifiable risk has no influence on the expected periodic return.  However, 

because the linearity of the risk-return relationship is relatively insensitive to the length of the 

interval over which returns are measured, perhaps the best test of the model is to examine how the 

risk-return relationship changes as returns are measured over longer periods and/or during periods 

with higher volatility in the market; not only will an increase in the market variance increase the 

convexity in the risk-return relationship, but the role of diversifiable risk will be more evident if the 

CAPM does not describe investor behavior.  We will now review some of the empirical evidence 

that relates to the issues raised here. 
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Table V 

Expected Periodic Returns If CAPM Describes Investor Behavior        

# of periods 0.5 .06 .07 .08 .09 1.0 1.1 1.2 1.3 1.4 1.5 

n = 1 1.0047011 1.0050134 1.0053257 1.0056381 1.0059505 1.0062629 1.0065753 1.0068877 1.0072001 1.0075124 1.0078246 

n = 12 1.0578964 1.0618494 1.0658171 1.0697997 1.0737972 1.0778095 1.0818369 1.0858793 1.0899369 1.0940096 1.0980975 

change: n = 1  0.0003123 0.0003123 0.0003124 0.0003124 0.0003124 0.0003124 0.0003124 0.0003124 0.0003123 0.0003122 

change: n = 12  0.0039530 0.0039677 0.0039826 0.0039974 0.0040124 0.0040274 0.0040424 0.0040575 0.0040727 0.0040879 

Expected Periodic Returns If CAPM does not describe investor behavior       

# of periods 0.5 .06 .07 .08 .09 1.0 1.1 1.2 1.3 1.4 1.5 

n = 1 1.0039989 1.0041705 1.0043734 1.0046075 1.0048730 1.0051697 1.0054978 1.0058573 1.0062481 1.0066704 1.0071242 

n = 12 1.0490560 1.0512101 1.0537617 1.0567134 1.0600688 1.0638314 1.0680057 1.0725964 1.0776086 1.0830481 1.0889211 

change: n = 1  0.0001716 0.0002029 0.0002342 0.0002654 0.0002967 0.0003281 0.0003595 0.0003909 0.0004223 0.0004538 

change: n = 12  0.0021542 0.0025515 0.0029518 0.0033553 0.0037627 0.0041743 0.0045906 0.0050122 0.0054395 0.0058730 
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Graph 3
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III. A Review of Some Empirical Results 

     The central issue is if, and how, investors respond the simple variance of returns 

over time when valuing securities and establishing expected returns.  If the CAPM 

describes investor behavior, the Alternative Hypothesis requires that investors should 

first capitalize the benefits of2jσ by lowering the expected drift, and then increase the 

expected drift for the portion of2jσ that can not be diversified, yielding a positive, linear 

relationship between )( jrE and jβ .  Within the framework of the CAPM, the Null 

Hypothesis that )( jrE has no linear dependence onjβ implies that investors are risk 

neutral.  For this to be the case, investors need to capitalize the benefits of2jσ  and require 

no compensation for the variance in their portfolios that remains.    

 Implicit in this framing of the Null Hypothesis is the idea that 2
jσ , the simple 

variance of returns over time, is all there is to the concept of risk.  However, there are two 

other ways to think of the Null Hypothesis.  First, we have noted that in defining risk, 

Modigliani and Miller said that "the effect of variability per se on the valuation of the 

stream is at best a second-order one which can safely be neglected for our purposes (and 

indeed most others too)”.  In this case,jµ is not adjusted in response to2jσ , and the values 

of jµ are likely to vary across securities, independent of either 2
jσ or jβ .  A second 

possibility arises from the challenge investors face in estimating jµ . Following Merton 

(1980), Goldenberg and Schmidt (1996) show that it is difficult to estimate jµ with any 

reasonable degree of precision for three different models of the return generating process, 

even using 59 years of data.  This makes it unlikely that investors are able to adjustjµ to 
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bring about a linear relationship between )( jrE and jβ as called for by the CAPM.  We 

return to this issue in the conclusion. 

 As a consequence of either of these two reasons for jµ not being adjusted in 

response to 2
jσ , we should expect to observe a pattern of returns similar to that in Table 4 

and Graph 2 that correspond to "Arith Mean, symmetric continuous".   If the value of 

jµ varies across securities/portfolios, but independently of jβ , the values in Table 4 and 

Graph 2 will lie randomly around the convex relationship between )( jrE and jβ .  

Accordingly, there will appear to be some support for the CAPM in that periodic returns 

and their average will be positively related tojβ , but there will "anomalies".   

 We can now see that our discrete distribution of returns, which easily captures the 

non-linearity of growth in asset value over time and the asymmetry in periodic returns 

that arises from the variability in growth, provides a unified framework for understanding 

the pattern of empirical results reported in the literature, beginning with the earliest tests 

of the CAPM.  The general form of the cross-sectional test of the CAPM is Equation (12) 

   jjtjjj vr ++++= 2
4

2
321

ˆ)(ˆˆ βγεσγβγγ                                     (12) 

where jr  represents the arithmetic average of periodic returns on either a single security 

or portfolio, jβ̂ is the estimated value measure of risk in the CAPM obtained from a time-

series regression, and )(ˆ 2
tj εσ is the variance of the residuals from the regression used to 

obtain jβ̂  and measures the diversifiable, idiosyncratic risk.  We have seen in section II 

that if the CAPM is correct,1γ will equal zero and investors will adjustjµ in equation (7) 

to bring about the linearity betweenjr and jβ̂ in equation (12), with 043 == γγ .  If the 
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CAPM is not correct, equation (12) will be an approximation of equation (8), 

where 3γ and 4γ will be positive, 2γ will capture the effect of 2
jβ  when jβ̂ is used in place 

of 2
jβ , and variations in jµ will be captured by jv . 

 Fama and MacBeth (1973) examine the statistical behavior of the estimated slope 

coefficients from a series of monthly cross-section regressions using variables 

constructed for 20 portfolios.  The explanatory variables in their tests, which correspond 

to the variables in equation (12), are obtained by averaging the appropriate values for the 

securities in each portfolio.  While their portfolio beta, pβ̂ , is the average of thejβ̂ for the  

individual securities in the portfolio, the variable 2ˆ
pβ is the average of the squared betas 

for the individual securities and not the square ofpβ̂ .   Finally, Fama and MacBeth use 

the average of the )(ˆ εσ j for each security instead of the average )(ˆ 2
tj εσ  to capture 

diversifiable risk, or )ˆ( ips ε in their notation.  They estimate various versions of equation 

(12), using pβ̂ alone, and thenpβ̂ with 2ˆ
pβ and/or )ˆ( ips ε .   

 Fama and MacBeth find substantial variability in the monthly, cross-sectional 

estimates of2γ , but overall they are positive and statistically significant.  In contrast, the 

monthly estimates of3γ and 4γ are fairly erratic, and are statistically insignificant (p. 624).  

Yet, when 2ˆ
pβ  and/or )ˆ( ips ε  are added to the basic cross-sectional regression with pβ̂ , the 

statistical insignificance and volatility in the values of 3γ̂  and 4γ̂ , and the increased 

volatility in the monthly values of 1γ̂  and 2γ̂ , reflects the high degree of collinearity.  

Accepting the possibility that the true values of the coefficients vary across months, they 

construct F-statistics to test whether the monthly variability in the estimated coefficients 



 29 

is merely a reflection of the measurement error in each monthly estimate, or is due to 

variability in the underlying, true (i.e., non-zero) values of the coefficients.  They find the 

F-statistics to be sufficiently large and conclude that "there are variables in addition 

to pβ̂ that systematically affect period-by-period returns.  Some of these omitted variables 

are apparently related to2ˆ
pβ  and )ˆ( ips ε .  But the latter are almost surely proxies since 

there is no economic rationale for their presence in our stochastic risk-return relation” (p. 

629).   From the perspective of this paper, the significance of 2γ̂ is expected sincepβ̂ is a 

proxy for 2ˆ
pβ .  However, Section II illustrated now the use of monthly data makes it less 

likely to find strong empirical results for2ˆ
pβ  and/or )ˆ( ips ε when included with pβ̂ .  It is 

suggested here that2ˆ
pβ  and )ˆ( ips ε have a joint role to play in the empirical results, along 

with the apparent role ofjβ̂ , not because they are proxies for some unidentified 

variable(s), but simply because this is what we should expect to observe when using 

monthly periodic returns and investors do not value securities as called for by the 

CAPM.19 

 Levy and Levhari (1977) explore in detail the consequences of using investment 

horizon returns which differed from the “true horizon” and conclude that the choice of 

horizon used in the empirical analysis had a significant impact on estimates of beta and 

measures of return performance.  Using investment horizons from one month to thirty 

months, for a sample of 101 securities from 1948 to 1968, they estimated a cross-section 

regression of the form: jtjjj vr +++= )(ˆˆ 2
321 εσγβγγ .  They find (a) the estimate of the 

intercept was always too high for all investment horizons, (b) the estimated coefficient on 
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diversifiable risk was insignificant for horizons less than two months, with the value of 

R2 only 6% at one-month horizons, (c) the estimated coefficient on diversifiable risk 

remained insignificant for horizons of three and four months, while the R2 increased to 

the range of 13% to 15%, (d) the estimated coefficient on diversifiable risk and beta were 

significantly positive for horizons of five or more months, with values of R2 increasing to 

the 34% to 43% range for horizons longer than one year (p. 103).  Levy and Levhari were 

not able to find an investment horizon that bridged the gap between the empirical 

anomalies reported by Black, Jensen, and Scholes and the predictions of the model (p. 

104).  However, their results are fully consistent with what we should expect on the basis 

of Equation (11) as the interval over which returns are measured is lengthened.   

 Campbell and Vuolteenaho (2004) attempt to explain the size and value effects 

identified by Fama and French by replacing the market beta with their cash flow and 

discount betas which sum to equal the market beta.  Since the market beta is a direct 

determinant of the variance of a security's return, it is also true that the cash flow and 

discount betas are direct determinants of variance.  The key to how investors price 

securities is how the expected continuously compounded return, jµ (or ][ 1, +tirE in their 

notation and Equation (9) above), responds to investor risk aversion.  Yet, assume 

that ][ 1, +tirE is not adjusted by investors in the way their theory or the CAPM suggests.  

When Campbell and Vuolteenaho use "simple expected returns, ][ 1,1, ++ − trfti RRE , on the 

left-hand side, instead of log returns, 2/][ 2
,1,1, titrfti rrE σ+− ++ ”, they have moved 

2/2
,tiσ− to the left side of Equation (9) above.  Consequently, it will not be clear from 

their regressions if any of the variation in 1,1, ][ ++ − trfti rrE  is explained since 2/2
,tiσ depends 
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on their explanatory variables by construction and they have made 2/2
,tiσ  part of their 

dependent variable.   

 While Campbell and Vuolteenaho attempt to explain the size and value effects 

identified by Fama and French (1992), we note that these two firm characteristics are 

significantly correlated with the variance of returns, the term Campbell and Vuolteenaho 

add to their dependent variable when they switch to explaining periodic returns.  Small 

firms, which have been found to have higher average periodic returns, typically have 

returns with higher variances.  This has been a key element in the analysis of the 

importance of the “size effect” since the earliest evidence on the role of firm size 

appeared.  Reinganum (1982) used arithmetic averages of daily returns in identifying the 

higher levels of expected returns for small firms.  [Did Reinganum compound daily 

arithmetic mean to get monthly returns?]  Roll (1983) found that the more realistic buy-

and-hold returns over longer periods (e.g., bi-weekly, monthly, etc.), referred to as 

“compounded returns” cut the estimated size effect in half.  The “compounded returns” 

depend only on the initial and final values of the buy-and-hold horizon and do not depend 

on the variance of daily returns, as does the arithmetic mean of daily returns.  The 

"compounded return" is the geometric mean of daily returns since the compounded 

geometric mean yields the buy-and-hold return of the longer horizon.  Blume and 

Stambaugh (1983) examined the consequences of the bid-asked spread and non-

synchronous trading which add to the variance of daily returns, thereby increasing the 

arithmetic mean above the corresponding buy-and-hold alternative, particularly for more 

thinly traded smaller firms.  While firm size may be a factor that influences investor’ 

perceptions of the risk in holding a firm’s security, the challenge is to determine whether 
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firm size is able to explain the differences in the expected continuously compounded 

return and, consequently, the returns investors actually receive that arise from how 

securities are priced.   

 The apparent significance of the book-to-market factor also faces the same 

difficulty as firm size in tests that use periodic returns.  Firms with higher book-to-market 

ratios, and which have been found to have higher average periodic returns, also have 

returns with higher variances.  Nevertheless, it is reasonable that firms with higher book-

to-market ratios are perceived to be more risky since their market valuations have been 

reduced relative to their book values, suggesting that the book-to-market ratio is a proxy 

for jµ .20   

 The possibility that firm size and the book-to-market ratio have a systematic 

influence on the values ofjµ is consistent with the simulations used in Section IV.  The 

values of jµ  vary across securities, but the values of jµ are orthogonal to beta.  Thus, the 

simulations are based on the Null hypothesis that the CAPM does not hold, but they are 

able to fully replicate the empirical results reported by Miller and Scholes.  Section IV 

starts, however, using numerical examples wherejµ is constant across securities.  While 

this means that securities differ only in the variability and co-variability of their returns 

and not in their expected compounded returns that would result from valuation 

differences, these numerical examples are able to fully replicate the empirical results 

reported by Black, Jensen, and Scholes.  The benefit of using numerical examples and 

simulations in replicating the empirical results is that we know the nature of the return 

generating process and know what assumptions are sufficient in explaining the empirical 

evidence.
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   IV. Numerical examples and Simulations Based on Geometric Brownian Motion  

 Geometric Brownian motion (GBM) is now used as a first-order approximation 

for the evolution of security prices to provide a formal link between periodic and 

continuously compounded returns and to illustrate how the predictions of the CAPM can 

be distinguished from what should be expected under the null hypothesis.  The 

approximations in the earlier equations (e.g., 6, 10, 11) will now hold exactly if security 

prices evolve according to GBM.  The numerical examples and simulations which follow 

show that the results reported by Black, Jensen, and Scholes and Miller and Scholes are 

predicable outcomes of a model that is explicitly at odds with the notion that securities 

are priced to generate expected continuously compounded returns in response to a 

measure of risk that is related to either the variability of returns over time, or the co-

variability of returns with a market factor.  While the results of this section are based 

formally on GBM, Section II showed that the results of this section are not dependent on 

the assumption of GBM, but only on the variability of returns over time. 

 

The Black, Jensen, and Scholes Time-Series Test 

 Black, Jensen and Scholes present the CAPM as defining the expected simple 

periodic return on security j as proportional to the expected simple periodic return on the 

market portfolio, with the factor of proportionality for security j being given by the 

security’s beta, βj: jmj rErE β)()( = , where jr and mr  are defined as returns net of the risk-

free rate.  Estimates of expected excess returns can be obtained from observed returns if 

we start with the market model represented by jmjjj rrEr εβ +′+= )( , where mr ′ is the 

“unexpected” market return, or )( mmm rErr −=′ , and jε is a random error term.  Both mr ′  
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and jε  are normally distributed, independent, and have expected values of zero.  

Substituting the definitions of ( )jrE  and mr ′  into jmjjj rrEr εβ +′+= )(  produces the 

market model tjtmjtj rr ,,, εβ += .  With the addition of an intercept to capture any excess 

return, Black, Jensen, and Scholes state that tjtmjjtj rr ,,, εβα ++=  can be used to test the 

CAPM by determining whether “ jα is significantly different from zero.” (1972, p. 84). 

 Thus, the first step in the tests of the CAPM used by Black, Jensen and Scholes, 

as well as Miller and Scholes, is to estimatejβ  using a time-series regression for each 

security or portfolio in the sample.  The first-pass, time-series regression is: 

  tjmtjjjt rr ,εβα ++= , t = 1, 2, …., T,     (13) 

where T is the number of months, or years, jtr  is the simple excess return on security or 

portfolio j, and mtr  is the simple excess return on the market portfolio constructed from 

the jtr .  While jα and jβ  for individual securities or portfolios are estimated 

simultaneously and have a negative sampling covariance, there is no bias in the estimate 

of jα if there is no bias in the estimate ofjβ .21   

 Black, Jensen, and Scholes find a strong negative relationship between jα̂ and jβ̂ , 

with the exception of a positive correlation for the sub-sample of January, 1931 to 

September, 1939.  The statistical significance of the jα̂  for portfolios with betas furthest 

from 1.0, along with the appearance that their departures from zero become larger over 

time, suggest to Black, Jensen, and Scholes that these findings are not due to chance.  

(Their results are reported in Tables VI and VII below.)  

 



 35 

 There are two factors that work against each other in producing their empirical 

results.  The first is derived from their test methodology when average returns in the 

market are positive, yet unrelated tojβ .  This results in the negative correlation 

between jα̂ and jβ̂  found in their overall sample and in their three more recent sub-

samples.22  Because the market factor is not observable, the simple return on the market 

portfolio, obtained from the average of the simple returns on all the securities in the 

sample, is used as a proxy for the market factor in equation (13) to estimatejβ .  This 

means the average of thejβ̂  will be 1.0, exactly, even if the average of thejβ  in equation 

(13), across securities, does not equal 1.0.  Since the average value of jβ̂ is 1.0 and the 

average of the jr across securities or portfolios is Mr , the average of jα̂ will be 0 because 

they are obtained from the expression23 

  mjjj rr βα ˆˆ −= .          (14) 

 The effect of the test methodology on the average values of jα̂ and jβ̂  does not 

necessarily present a problem for tests of the CAPM.  Assume for the moment that 

equation (13) will produce unbiased estimates ofjα  and jβ , (side-stepping the problem 

that we do not have the market factor and in spite of the example in footnote 19).   Since 

mr  is common to all estimates of jα̂  in equation (14), the CAPM implies that securities 

or portfolios with higher values ofjβ̂  should have sufficiently high values of jr to 

compensate investors for risk.   This will make jα̂  statistically indistinguishable from 

zero and uncorrelated withjβ̂ across securities (or portfolios).  If jr is not sufficiently 
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high to compensate for higherjβ̂ , the CAPM will not adequately explain the relationship 

between risk and return.  This is the implication Black, Jensen, and Scholes draw from 

their results since they find in their full sample and in 3 sub-samples that highjβ̂  

portfolios have negativejα̂ and low jβ̂  have positive jα̂ .  Higher jβ̂ portfolios do not 

have sufficiently high values forjr to yield jα̂ indistinguishable from zero in equation 

(14), and the CAPM can not fully account for the average returns on the portfolio. 

 The second factor at work in producing their empirical results can be seen by 

examining equation (6) and becomes apparent in the results of their 1931-39 sub-sample.  

Equation (6) shows that differences injβ  will have little effect on ( )jrE  when 2
mσ  is small 

and we are left with the negative correlation that results from the methodology of 

estimating jβ  using the return on the market portfolio, as described above.  When2
mσ  

increases in value, reflecting a greater volatility in the market factor, differences injβ  

will have a larger impact on( )jrE  that is exaggerated by the non-linearity of the 

exponential function that relates the continuously compounded return to the simple 

periodic return.  This second factor works to create a positive correlation 

between jα̂ and jβ̂  and it will fully offset the negative correlation induced by the first 

factor when 2
mσ  is sufficiently large, as is the case in their 1931-39 sub-sample. 

 The balance between the two opposing factors can be illustrated by numerical 

examples using the sample statistics reported by Black, Jensen, and Scholes.  By 

assuming GBM, we can replacejr  in equation (14) with the value of( )jrE  obtained from 

the last term in equation (6).  Black, Jensen, and Scholes provide the variance of the 
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market portfolio24 over the full 1931-65 sample,2mσ , the jβ̂  for each of the 10 portfolios, 

and the regression standard errors from equation (13), )(ˆ tj εσ , representing each 

portfolio’s diversifiable risk.  The final parameter needed is the value forjµ .  While it is 

possible to select individual values ofjµ  to insure that ( )jrE  equals the value of jr  

reported for each portfolio, we use a common drift parameter for all portfolios that 

produces an average for the( )jrE  that is close to the average return in the market,mr .25   

Given 2
mσ  and the portfolio values forjβ̂  and )(ˆ tj εσ , a value ofµ  = 0.0095 produces an 

average ( )jrE  across portfolios of 0.01424 which is close to their reported full sample 

average of 0.0142.26  Their data are presented in Table VI, along with the ( )jrE  from 

equation (6) and the “imputed jα̂ ” from equation (14). 
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TABLE VI 

The 1931-1965 Results from Black, Jensen, and Scholes and the  

Expected Returns and “Imputed Alphas”, or “Excess” Returns, from GBM 

 
The statistics for the 10 portfolios from the Black, Jensen, and Scholes sample for 1931 
to 1965 include the betas, standard deviations, average returns, estimated alphas, or 
excess returns, and the standard errors of the regression used to estimate the betas, or the 
diversifiable risks.  The next column contains the expected returns from equation (6), 

( ) ( ) 12))(ˆˆ(exp 222 −++= tjmjjrE εσσβµ , using a common value forµ  of 0.0095, the value 

of 0.0891 for Mσ , the standard deviation of the market portfolio over the sample period, 

and the values of jβ̂  and )(ˆ tj εσ  for each of the 10 portfolios.  The last column contains 

the “imputed alphas” from equation (14), ( ) mjjj rrE βα ˆˆ −= , using the average return on 

the market portfolio of 0.01424, thejβ̂ , and the )( jrE from equation (6).   

 

 Values reported by Black, Jensen and Scholes, Table 2 µ = 0.0095, mσ =0.0891 

portfolio jβ̂  jσ̂  jr  jα̂  )(ˆ tj εσ  ( )jrE  Imputed jα̂  

1 1.5614 0.1445 0.0213 -0.000829 0.0393 0.02015 -0.002079 

2 1.3838 0.1248 0.0177 -0.001938 0.0197 0.01745 -0.002255 

3 1.2483 0.1126 0.0171 -0.000649 0.0173 0.01596 -0.001810 

4 1.1625 0.1045 0.0163 -0.000167 0.0137 0.01507 -0.001479 

5 1.0572 0.0950 0.0145 -0.000543 0.0124 0.01411 -0.000939 

6 0.9229 0.0836 0.0137 0.000593 0.0152 0.01308 -0.000057 

7 0.8531 0.0772 0.0126 0.000462 0.0133 0.01256 0.000411 

8 0.7534 0.0685 0.0115 0.000812 0.0139 0.01192 0.001195 

9 0.6291 0.0586 0.0109 0.001968 0.0172 0.01128 0.002326 

10 0.4992 0.0495 0.0091 0.002012 0.0218 0.01078 0.003678 

     mσ̂  mr      

ave 1.0071    0.0891 0.0142 0.0001721  0.01424 -0.000101 

 
 
 The values in Table VI for( )jrE  correspond reasonably well to the values of 

jr reported by Black, Jensen, and Scholes for the full 1931 to 1965 sample.  The pattern 

of imputed jα̂  is also similar to their values ofjα̂ . The correlation between the portfolio 

betas and the jα̂ reported by Black, Jensen, and Scholes is -0.918 and the correlation for 

the portfolio betas and the imputed jα̂  is -.954. 
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 This exercise is replicated for the four sub-samples.  Because Black, Jensen, and 

Scholes did not provide the portfolio values for )(ˆ tj εσ  in the sub-samples, the portfolio 

values of 2ˆ jσ  were used along with a common value forµ  in each sub-sample to generate 

the values of ( )jrE , using the middle term in equation (6).  The corresponding values for 

the imputed jα̂
 
are obtained from equation (14) and the results for the four sub-samples 

are presented in Table VII. 
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TABLE VII 

Results from the Four 105-Month Sub-Samples reported by Black, Jensen, and Scholes  

and the Expected Returns and “Imputed Alphas”, or “Excess” Returns, from GBM 

The first five panels of Table VII contain data from Black, Jensen, and Scholes, Table 3.  The last two panels contain the expected 

returns computed from( ) ( ) 12exp 2 −+= jjrE σµ  and the imputed jα̂ , or “excess” returns, computed from ( ) mjjj rrE βα ˆˆ −= .  For each 

sub-sample, a common drift parameter is selected which produces, along with the 2jσ  for each portfolio, an average of the( )jrE  that 

equals the average return on the market portfolio for that sub-sample. 
 
 High Risk         Low Risk  

 1 2 3 4 5 6 7 8 9 10 Market 

 Portfolio Standard Deviations of Monthly Excess Returns (BJS)     Index 

1/ '31 - 9/ '39 0.2504 0.2243 0.2023 0.1886 0.1715 0.1484 0.1377 0.1211 0.1024 0.0850 0.1587 

10/ 39 -6/'48 0.1187 0.0841 0.0758 0.0690 0.0618 0.0586 0.0519 0.0494 0.0441 0.0392 0.0624 

7/ '48 - 3/ '57 0.0581 0.0505 0.0436 0.0413 0.0385 0.0364 0.0340 0.0289 0.0253 0.0203 0.0363 

4/ '57 -12/'65 0.0577 0.0503 0.0463 0.0420 0.0391 0.0365 0.0340 0.0312 0.0277 0.0265 0.0386 

 Portfolio Betas (BJS)         

 1.5416 1.3993 1.2630 1.1813 1.0750 0.9197 0.8569 0.7510 0.6222 0.4843  

 1.7157 1.3196 1.1938 1.0861 0.9697 0.9254 0.8114 0.7675 0.6647 0.5626  

 1.5427 1.3598 1.1822 1.1216 1.0474 0.9851 0.9180 0.7714 0.6547 0.4868  

 1.4423 1.2764 1.1818 1.0655 0.9957 0.9248 0.8601 0.7800 0.6614 0.6226  

 Alpha Hats x (10)2 (BJS)        Averages 

 0.7366 0.1902 0.3978 0.1314 -0.0650 -0.0501 -0.2190 -0.3786 -0.2128 -0.0710 0.0460 

 -0.2197 -0.1300 -0.1224 0.0653 -0.0805 0.0914 0.1306 0.0760 0.2685 0.1478 0.0227 

 -0.4614 -0.3994 -0.1189 0.0052 0.0002 -0.0070 0.1266 0.2428 0.3032 0.2035 -0.0105 

 -0.4475 -0.2536 -0.2329 -0.0654 0.0840 0.1356 0.1218 0.3257 0.3338 0.3658 0.0367 
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 t-stats on Alphas (BJS)         

 1.3881 0.6121 1.4037 0.6484 -0.3687 -0.1882 -1.0341 -1.7601 -0.7882 -0.1978  

 -0.4256 -0.7605 -0.8719 0.5019 -0.6288 0.8988 1.1377 0.6178 1.7853 0.8377  

 -2.9030 -3.6760 -1.5160 0.0742 0.0029 -0.1010 1.8261 3.3768 3.3939 1.9879  

 -2.8761 -2.4603 -2.7886 -0.7722 1.1016 1.7937 1.6769 3.8772 3.0651 3.2439  
 
 Average Returns (BJS)         

 High Risk         Low Risk  

 1 2 3 4 5 6 7 8 9 10 Averages 

 0.0412 0.0326 0.0317 0.0272 0.0230 0.0197 0.0166 0.0127 0.0115 0.0099 0.0220 

 0.0233 0.0183 0.0165 0.0168 0.0136 0.0147 0.0134 0.0122 0.0126 0.0098 0.0149 

 0.0126 0.0112 0.0120 0.0126 0.0117 0.0109 0.0115 0.0110 0.0103 0.0075 0.0112 

 0.0082 0.0082 0.0081 0.0087 0.0096 0.0095 0.0088 0.0101 0.0092 0.0092 0.0088 
Common 

Drift 
Parameters Expected Returns (GBM)         Averages 

0.00714 0.0392 0.0328 0.0280 0.0252 0.0221 0.0183 0.0168 0.0146 0.0125 0.0108 0.0220 

0.01245 0.0197 0.0161 0.0154 0.0149 0.0145 0.0143 0.0139 0.0138 0.0135 0.0133 0.0149 

0.01040 0.0122 0.0117 0.0114 0.0113 0.0112 0.0111 0.0110 0.0109 0.0108 0.0107 0.0112 

0.00795 0.0097 0.0093 0.0091 0.0089 0.0088 0.0087 0.0086 0.0085 0.0084 0.0083 0.0088 

 Imputed Alpha Hats x (10)2 (GBM)        Averages 

 0.5279 0.1996 0.0163 -0.0786 -0.1596 -0.1944 -0.2118 -0.1967 -0.1247 0.0141 -0.0208 

 -0.5945 -0.3599 -0.2393 -0.1284 -0.0023 0.0443 0.1771 0.2298 0.3583 0.4901 -0.0025 

 -0.5166 -0.3530 -0.1863 -0.1281 -0.0561 0.0059 0.0728 0.2212 0.3424 0.5195 -0.0078 

 -0.3031 -0.1975 -0.1337 -0.0505 -0.0010 0.0515 0.0996 0.1608 0.2548 0.2857 0.0167 
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 Data from the four sub-samples reinforce the results of the full sample.  Not only 

do we obtain the negative correlation between the imputed jα̂ and jβ̂  in the three more 

recent sub-samples, but we also find the positive relationship between the imputed jα̂
 

and jβ̂  found in their first sub-sample.  Of the forty values of the imputed jα̂ , the eight in 

bold have signs opposite to those reported by Black, Jensen, and Scholes.  The fact that 

these eight are for portfolios with betas relatively close to 1.0, with a single exception, 

indicates that the differences in sign are not important; all these jα̂  in the Black, Jensen, 

and Scholes study are statistically indistinguishable from zero.  The magnitudes of the 

imputed jα̂ for the relatively high and low beta portfolios are comparable to those 

reported by Black, Jensen, and Scholes.  This implies that the different portfolio 

variances and a common drift parameter for all securities can account for the patterns of 

excess returns they report in each sample.  Graphs 5 through 9 show the values of jr and 

jα̂  reported by Black, Jensen, and Scholes plotted against their corresponding portfolio 

betas, along with the( )jrE  and the imputed jα̂  for each portfolio.     
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Jan. 31 to Dec. 65
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Graph 5.  The average returns on the 10 portfolio and their alphas, or excess returns, as 
reported by Black, Jensen, and Scholes, are plotted against the portfolio betas for their 
full sample.   The expected returns based on GBM uses a common drift parameter for all 
portfolios ofµ = 0.0095, the standard deviation of the market portfolio reported for the 

1931-65 sample period,mσ = 0.0891, and the portfolio betas and the diversifiable risks, 

)(ˆ tj εσ , reported by Black, Jensen, and Scholes: 

)2/))(ˆ)0891.0(ˆ(0095.0exp()( 222
tjjjrE εσβ ++= .  The “imputed alphas” for GBM are 

obtained from )(ˆ)(ˆ mjjj rErE βα −= , where )( mrE is the average of the )( jrE across 

portfolios.  The )( jrE and “imputed alphas” are plotted against their corresponding 

portfolio betas. 
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Jan. 31 to Sept. 39
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Graph 6.  The average returns on the 10 portfolio and their alphas, or excess returns, as 
reported by Black, Jensen, and Scholes, are plotted against the portfolio betas for the 
January 1931 to September 1939 sub-sample.   The expected returns based on GBM uses 
a common drift parameter for all portfolios ofµ = 0.00714 and the standard deviation of 

the portfolio’s return, jσ̂ , reported by Black, Jensen, and Scholes: 

))2/ˆ(00714.0exp()( 2
jjrE σ+= .  This formula differs from that used in Graph 5 since 

Black, Jensen, and Scholes did not report the diversifiable risk, )(ˆ tj εσ , for each portfolio 

in the sub-sample.  The “imputed alphas” for GBM are obtained from 

)(ˆ)(ˆ mjjj rErE βα −= , where )( mrE is the average of the )( jrE across portfolios.  The 

)( jrE and “imputed alphas” are plotted against their corresponding portfolio betas. 
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Oct. 39 to June 48
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Graph 7.  The average returns on the 10 portfolio and their alphas, or excess returns, as 
reported by Black, Jensen, and Scholes, are plotted against the portfolio betas for the 
October 1939 to June 1948 sub-sample.   The expected returns based on GBM uses a 
common drift parameter for all portfolios ofµ = 0.01245 and the standard deviation of the 

portfolio’s return, jσ̂ , reported by Black, Jensen, and Scholes: 

))2/ˆ(01245.0exp()( 2
jjrE σ+= .  This formula differs from that used in Graph 5 since 

Black, Jensen, and Scholes did not report the diversifiable risk, )(ˆ tj εσ , for each portfolio 

in the sub-sample.  The “imputed alphas” for GBM are obtained from 

)(ˆ)(ˆ mjjj rErE βα −= , where )( mrE is the average of the )( jrE across portfolios.  The 

)( jrE and “imputed alphas” are plotted against their corresponding portfolio betas. 
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July 48 to Mar. 57
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Graph 8.  The average returns on the 10 portfolio and their alphas, or excess returns, as 
reported by Black, Jensen, and Scholes, are plotted against the portfolio betas for the July 
1948 to March 1957 sub-sample.   The expected returns based on GBM uses a common 
drift parameter for all portfolios ofµ = 0.0104 and the standard deviation of the 

portfolio’s return, jσ̂ , reported by Black, Jensen, and Scholes: 

))2/ˆ(0104.0exp()( 2
jjrE σ+= .  This formula differs from that used in Graph 5 since 

Black, Jensen, and Scholes did not report the diversifiable risk, )(ˆ tj εσ , for each portfolio 

in the sub-sample.  The “imputed alphas” for GBM are obtained from 

)(ˆ)(ˆ mjjj rErE βα −= , where )( mrE is the average of the )( jrE across portfolios.  The 

)( jrE and “imputed alphas” are plotted against their corresponding portfolio betas. 

 

 



 47 

 

April 57 to Dec. 65
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Graph 9.  The average returns on the 10 portfolio and their alphas, or excess returns, as 
reported by Black, Jensen, and Scholes, are plotted against the portfolio betas for the 
April 1957 to December 1965 sub-sample.   The expected returns based on GBM uses a 
common drift parameter for all portfolios ofµ = 0.00795 and the standard deviation of the 

portfolio’s return, jσ̂ , reported by Black, Jensen, and Scholes: 

))2/ˆ(00795.0exp()( 2
jjrE σ+= .  This formula differs from that used in Graph 5 since 

Black, Jensen, and Scholes did not report the diversifiable risk, )(ˆ tj εσ , for each portfolio 

in the sub-sample.  The “imputed alphas” for GBM are obtained from 

)(ˆ)(ˆ mjjj rErE βα −= , where )( mrE is the average of the )( jrE across portfolios.  The 

)( jrE and “imputed alphas” are plotted against their corresponding portfolio betas. 

 

 

We see that the slope of the cross-sectional relationship between ( )jrE  and jβ̂  varies 

across the sample periods and estimates of the slopes and intercepts can be compared to 

those reported by Black, Jensen, and Scholes.  The results are reported in Table VIII.   
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     TABLE VIII  

Cross-Sectional Regressions Reported by Black, Jensen, and Scholes, and 

Comparable Regressions Based on Data Generated by GBM 

The first panel presents the statistical results from the Black, Jensen, and Scholes cross-
sectional tests in their full sample and four sub-samples.  The expected values of the 
slopes are the mean returns over their respective sample periods and the intercepts are 
expected to be zero.  All slopes and intercepts differ significantly from their expected 
values.  The slope estimate for 1957-65 is negative, indicating that securities with higher 
betas increased less in a rising market than lower beta securities, giving the slope the 
“wrong” sign.  The second panel contains the common portfolio drift parameter for each 
sample which produces, along with the portfolio values of 2ˆ jσ  (reported in Table VII as 

standard deviation), the values of( )jrE  from equation (6) that yield an average expected 

return that is equal to the average return on the market portfolio reported by Black, 
Jensen, and Scholes.  The third panel presents the slope and intercept from the cross-

sectional regression using the portfolio values forjβ̂  to explain the ( )jrE  computed from 

equation (6).  The final panel presents the differences between mean return on the market 
and the cross-sectional slopes estimated by Black, Jensen, and Scholes, and the 
differences between the mean return and the cross-sectional slopes estimated using the 

portfolios values for jβ̂  to explain the ( )jrE  computed from equation (6). 

 
BJS TABLE 4 Full Period Sub-Samples 

  1/31 - 12/65 1/31 - 9/39 10/39 - 6/48 7/48 - 3/57 4/57 - 12/65 
intercept 0.00359 -0.00801 0.00439 0.00777 0.01020 

slope 0.01080 0.03040 0.01070 0.00330 -0.00120 
mean return 0.01420 0.02200 0.01490 0.01120 0.00880 

t(intercept) 6.52 -4.45 3.20 7.40 18.89 
t(mean return - slope) 6.53 -4.91 3.23 7.98 19.61 

         
GBM drift parameters 0.0095 0.00714 0.01245 0.0104 0.00795 
      
GBM Cross-sectional coefficients       

GBM intercepts 0.00559 -0.00479 0.00964 0.00983 0.00726 
GBM slopes 0.00858 0.02657 0.00529 0.00140 0.00157 

      

Differences from Expected Values       

BJS ( mean - slope ) 0.00340 -0.00840 0.00420 0.00790 0.01000 
GBM ( mean - slope ) 0.00562 -0.00457 0.00961 0.00980 0.00723 

 

 



 49 

 Except for the first sub-sample, each of the estimated slopes is below the expected 

value of the slope for the sample period, which is the average return on the market 

portfolio over the period.   While measurement error in the jβ̂  will create a downward 

bias in the estimated slopes of the cross-sectional regressions, Graphs 5 through 9 suggest 

something very different is at work.  In particular, the slope in the first sub-sample is 

significantly above the expected value and can not be accounted for by the measurement 

error explanation.  Black, Jensen, and Scholes attempt to explain the changes in the 

slopes as a function of the zero-beta portfolio, but the explanation offered here is the 

changing variance of the market factor,2
mσ , within the model of GBM.  The value of2mσ  

is large enough in the first sub-sample to cause the different values of jβ̂  to produce large 

changes in the value of( )jrE .  From this perspective, the cross-sectional slope is “biased” 

upward by the dependence of both( )jrE  and jr  upon 2
mσ , quite independently of pricing 

behavior that would alter jµ .   

 While equation (6) implies that the cross-sectional slope is more positive in 

samples with larger 2
mσ , equation (6) is not able to explain the negative slope between jβ̂  

and jr  in the last sub-sample, when the market actually increases.  The difficulty is that 

equation (6) is one of expectations and expected return is always a positive function of 

beta.  But ex post, market performance may not be what investors expect.  The way GBM 

has modeled allows us to easily produce a simulation in Section V to show how the 

negative slope is a reasonable market outcome even in a rising market.  But first we 

consider the cross-sectional analysis conducted by Miller and Scholes. 
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The Miller and Scholes Cross-Sectional Test 

 Miller and Scholes usejβ̂ , obtained from equation (13), in the second-pass, cross-

sectional regression.  Since the CAPM predicts that γ3 = γ4 = 0 in equation (12), their 

basic test of the CAPM is equation (15)    

 jjj vr ++= βγγ ˆ
21 ,  j = 1, 2, …., n      (15) 

where jr is the arithmetic mean of the simple periodic returns for security j, and n is the 

number of securities in the cross-sectional sample.  The expected value of 2
∧
γ is the 

average return in the sample, and the expected value of 1

∧
γ  is zero.  Miller and Scholes 

found that 2

∧
γ  was too low and 1

∧
γ  was too high, given what was known about their 

sample period.  In an attempt to account for these results, Miller and Scholes reasoned 

that if the risk-return relationship is nonlinear, then adding 2ˆ
jβ to the regression would 

produce a negative value for4
∧
γ in equation (12) and this would explain why 2

∧
γ  is too 

low in the basic test of the model.  However, they found 4

∧
γ to be significantly positive.  

More troubling, Miller and Scholes added a measure of the diversifiable risk, )(ˆ 2
tj εσ , 

and found 3

∧
γ  to be significantly positive, both statistically and economically. 

 Although Miller and Scholes use periodic returns instead of continuously 

compounded returns, their results are easily understood using equation (11), which 

corresponds to their use of annual data.   By explaining jr  in equation (15), the CAPM 

will appear to have partial support in finding2γ̂  to be positive, but problems will be 

evident since there is no reason2γ̂  should equal the average return in the market.  But 
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since a better determinant of jr  is 2ˆ
jβ  and not jβ̂ , we expect the test for nonlinearity in 

the risk-return relationship to find a positive4γ̂ , as did Miller and Scholes.27  

Furthermore, the coefficient3γ̂ on diversifiable risk is expected to be positive.  

Accordingly, the empirical results of Miller and Scholes appear to be manifestations of 

variable returns which can be reasonably modeled using GBM, subject to the restriction 

that investors do not price securities according to the CAPM.28  The following 

simulations suggest that traditional cross-sectional tests of the CAPM are essentially 

misspecifications of equation (16) and are not able to tell us how investors price 

securities in response to risk-aversion.   

 We model the natural log of each security price, )ln( ,, tjtj Pp = , as following a 

random walk with constant driftjµ and a variance 2
jσ , according to equations (2), (3), and 

(4).  As before, risk comes from the addition of two random innovations, now based on 

the standard normal distribution, N(0,1), instead of the discrete distribution in section II.  

The first innovation is the idiosyncratic return and is a continuously compounded return 

generated each month for security j by the expression: 

  tj,ε  = [(scalari*rand()j/2)+0.02]*N(0,1).   

The variance for the idiosyncratic returns is determined by scalari, which is shared by all 

securities, and a uniformly distributed value over the unit interval which is generated by 

the function rand()j.  This generates a unique value for each security that is fixed over 

time and gives each security its own variance for its idiosyncratic returns.  The 

expression in brackets produces a random number between 0.02 and (scalari/2)+0.02, 

with an expected value of scalari*0.25+0.02.  The choice of scalari and the addition of the 
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constant 0.02 establish a distribution of idiosyncratic risks across securities in the annual 

return relatives that helps approximate the value reported by Miller and Scholes for their 

annual data.  The idiosyncratic risk follows a random walk with no drift and a variance 

that depends on its unique scalar. 

 The market factor, mt, in equation (2) is now a series of continuously compounded 

returns obtained from the expression mt = scalarm*N(0,1); the subscript m denotes the 

market scalar and the returns now have a normal distribution.  The market factor follows 

a random walk with no drift and the value of scalarm is set to the standard deviation of the 

market portfolio’s excess return for the sample period being replicated.29   

 Values of jβ  are generated by a uniform random distribution centered on 1.0 and 

scaled to create values with a standard deviation that approximates the standard deviation 

for jβ  reported in Miller and Scholes.   When no risk premiums are used, the randomly 

generated jβ  are used directly as the true betas and the average jβ  only has an expected 

value of 1.0.30    When risk premiums are assigned, the randomjβ  are made to be 

statistically independent of risk premiums.31  This is done by using the randomly 

generated jβ  as the dependent variable in a simple linear regression with the risk 

premiums used as the explanatory variable.  The residuals, which average zero and are 

orthogonal to the risk premiums, are added to 1.0 to create the “true” values ofjβ  used in 

the simulation.  These true betas necessarily have an average of 1.0 and are independent 

of the risk premium contained injµ .   

 To summarize, the variance of the continuously compounded returns is 

 ( ) ( ) )(222
,

22
,,

2 εσσβεβσσσ jmjtjtjjjtjC mr +=+==     (18) 
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where 22
mm scalar=σ , and 22 ]02.0)2/()*[()( += jij randscalarεσ .  We see from equation 

(18) that both jβ  and )(2 εσ j  are determinants of2
jσ  and we see from equation (5) that 2

jσ  

will influence the expected value of the periodic return relative and, thereby, the expected 

value of the arithmetic mean of simple periodic returns for each security.  Thus, the 

arithmetic mean of the simple periodic returns for each security generated by this 

simulation will be positively correlated withjβ  and )(2 εσ j , lending to the appearance of 

support for the CAPM in the first case, and an “anomaly” in the second.  When2
jβ is 

added to the cross-sectional regression, it will have a positive coefficient and also will 

appear as an “anomaly”. 

 The idiosyncratic returns and shared market innovations make it difficult to 

predict where the simulated sample of returns will be after 5 or 10 years.  While this is 

the nature of a simulation based on a random walk, it makes it difficult to generate 

samples that are comparable to a particular historical period, such as the 1954-63 period 

used by Miller and Scholes and the 1957-65 sub-sample of Black, Jensen, and Scholes. 

While the expected impact of the market factor is zero, the cumulative effect of the 

market factor from time 0 to time T is the exponential of the sum of continuously 

compounded returns generated in the simulation over the period of 0 to T:   

 MktFactorT = exp( ∑
=

T

t
tm

0

).       

 A fixed adjustment factor is added to the market innovation each month to 

produce, ex post, a random series of returns for the MktFactort that culminates in a 

predetermined Target performance above that implicit in the values of the jµ that cause 

an upward drift over the horizons of 5 and 10 years.  To control the 5-year return for the 
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market factor, the Observed 5-year return relative is first obtained for the 5-year horizon 

from the random innovations of the market factor as described above.  Then, a monthly 

adjustment factor, δ, is obtained from the expression [ln(Target)–ln(Observed) ]/ 60 = δ.  

For example, if the Observed index increases only 23 percent over 5 years and the Target 

performance of the market index is an increase of 50 percent, a value of [ln(1.5) – 

ln(1.23)]/60 = 0.003308 is added to each monthly innovation.  This produces an adjusted 

series of monthly returns that culminate on average in the Target 5-year return relative.  

This allows the cumulative performance of the shared market-wide innovations, or 

surprises, to be controlled along with the level of the risk-free rate and the range of risk 

premiums.  Because the risk-free rate and the risk premiums are selected first, the Target 

for the market factor is then selected to obtain the total cumulative performance 

appropriate for the historical period being simulated.  Yet, the idiosyncratic returns are 

still random and unconstrained and cause the overall average of sample of returns to 

differ randomly from the total cumulative objective.32  The final form of the data 

generating process is: 

  tjtjjtjC mr ,,, )( εδβµ +++= .       (19) 

The variance of continuously compounded returns remains the same as in equation (18) 

since jµ andδ  are constants. 

 In terms of the notation from Black, Jensen, and Scholes above, and setting 0=δ  

for a moment, where they have jmj rErE β)()( = , we have jjCrE µ=)( , , with jµ  

and ( )jCrE ,  orthogonal to jβ .  Where they have beta times the market surprise,mj r ′β , we 

have tj mβ .  Beta does not influence the expected continuously compounded return, but 

does influence the expected periodic return as determined by equation (6), and does so 



 55 

only as a result of the effects of asymmetrically distributed periodic returns that are then 

compounded. 

 If we now considerδ , our expression for the market surprise becomes 

)( δβ +tj m .  While this does not alter2jσ  sinceδ  is a constant, the expected value of the 

continuously compounded return is now( )δβµ jjE + .  The meaning of this only applies 

to the nature of the simulations.  By the nature of the data generating process described 

above, if the market factor rises over the 10-year period because Target is set to a value 

greater than 1.0, securities with betas above 1.0 are expected to increase by a greater 

percentage than the market factor, while securities with betas below 1.0 are expected to 

increase by less.  In this way, beta will be positively related to both the observed average 

of the continuously compounded returns and the average of simple returns, ex post.  

However, the market innovation is inherently a random walk and the success in using 

beta depends on the ability to predict the “surprises” of a random walk.  The use of 

δ only enables us to control the strength of the random walk produced by tm , either up or 

down, for the purpose of replicating particular historical sample periods.   

 We can simulate a declining market with a value for Target sufficiently below 1.0 

to offset the positive jµ .  This will cause high-beta securities to generate lower returns 

than low beta securities as the ex post surprise in the market factor pulls their returns 

down, even though high-beta securities have higher expected returns, both within the 

CAPM and the model of GBM.  While high beta securities can reasonably be expected to 

have lower returns in a sharply declining market, it is not easily understood why high 

beta securities might have lower returns than low-beta securities in an rising market.  

This is what Black, Jensen, and Scholes found in their fourth sub-sample when the 
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average market return was positive and the market went up, but returns were negatively 

related to jβ̂ .  Naturally, they referred to this sample period as producing a slope 

coefficient with the “wrong” sign.    However, the model of GBM developed above easily 

illustrates how this might happen. Their 1957 to 1965 sample period will be replicated in 

the fourth simulation in Section V by setting Target to a value below 1.0, but not far 

enough below to offset the upward drift from the positive jµ .  This will pull down the 

high beta securities relative to the low beta securities, but still allowed the average return 

on securities to be positive. 

Four Simulations 

 The first simulation sets alljµ  to zero, making the risk-free rate and the risk 

premiums equal to zero.  The market factor, while variable, is constrained to produce 5-

year and 10-year return relatives equal to 1.0.  This means that the market factor, which 

has an expected return of zero over the sample horizon, generates an average 

continuously compounded return of zero, ex post.  The idiosyncratic returns have an 

expected return of zero, with an average standard deviation in the simulation reported 

below of 0.0706.  Otherwise, they are unconstrained over the sample horizon, as in all 

simulations.  There is nothing that generates positive expected continuously compound 

returns.  Yet, there are positive expected simple returns due to the variance of the 

security’s idiosyncratic risks and the effect ofjβ  on the variance of the security’s 

continuously compounded return. 

 

The second simulation sets the annual risk-free rate to 2.5 percent and the risk premiums 

start at .001 and increment upward by 0.001 to a level of .10, or 10 percent.  The risk-free 
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rate and the risk-premiums account for an expected 5-year return relative on the market 

portfolio of 1.449, or an expected 10-year return relative of approximately 2.1 and an 

annual compounded return of 7.7 percent.  The market factor is the same as in the first 

simulation with a Target of 1.0.  That is, securities have positive expected continuously 

compounded returns based onjµ , but ex post there are zero net surprises shared by all 

securities over the sample period.  The expected returns, both continuous and periodic, 

are both positive because of the positive risk-free rate and the risk premiums, but the 

expected simple returns will be elevated as before because the variance of continuously 

compounded returns depends onjβ  and )(2 ησ j .  

 

The third simulation adjusts the market factor’s “unexpected” 5-year return relative to 

1.443 for a 10-year return relative of 2.084.  When combined with the expected return 

relative based on the risk-free rate and the risk premiums of 1.449, this produces an 

expected 10-year return relative of 4.376 that is similar to the realized return over the 

1954 to 1963 period examined by Miller and Scholes.33  Here we can expectjβ  to be 

positively related to average returns, both continuous and periodic, since ex post the 

market factor surprises investors with a positive return over the sample horizon.  

 

The fourth simulation illustrates how the model of GBM is able to replicate the 1957-65 

sub-sample of Black, Jensen, and Scholes where high beta securities earned less on 

average than low beta securities, even when average returns were positive.  A negative 

relation between beta and average return represents the “wrong” sign on the cross-

sectional regression coefficient.  The 1957-65 sub-sample is replicated by setting the 
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Target value equal to 0.95 for a negative net surprise of 5 percent which only partially 

offsets the upward drift. 

 

The basic data of the simulations are 120 monthly returns for 100 firms.  The 

corresponding annual returns are computed and regressions with annual data are 

estimated to produce results directly comparable to those of Miller and Scholes.  

Regressions are also estimated using the monthly returns.  The fourth simulation is 

calibrated to reproduce the results from the 1957-65 sub-sample and uses monthly data as 

did Black, Jensen, and Scholes. 

  

The sample statistics from the first-pass regressions reported by Miller and Scholes are 

presented in the Table XI, along with those from the first three simulations.  The average 

across securities of their simple annual returns,jr , in the first simulation is 6.5 percent 

and noticeably below the 16.5 percent reported by Miller and Scholes.  This low value 

was expected in this first simulation since there was no upward drift to the returns in the 

risk-free rate, in the risk-premiums, or in the market factor.  The portfolio increased by 

24.1939 percent in the 10 years of the simulation due to the variance of the market factor 

and the idiosyncratic returns.  This amounts to an annual compounded rate of return 

(geometric mean) of 2.19 percent, noticeably below the 6.5 arithmetic mean of the annual 

returns.  The descriptive statistics for the data generated in this simulation are otherwise 

similar to those reported by Miller and Scholes, except their data exhibited more cross-

sectional variation in the variance of the residual errors from the first-pass regression.   

 



 59 

The average return in simulation 2 is 11.4 percent and reflects the average of the positive 

drift parameters and the variance of the securities that arises from their betas and their 

diversifiable risks, both of which are not correlated with the drift parameters. The value 

of Target is 1.0, for a zero ex post surprise in the market factor.  The cross-sectional 

averages and standard deviations are presented in the third panel of Table IX.   

 

The objective of simulation 3 is to generate a sample of data similar to the one used by 

Miller and Scholes.  The Target value for the Market Factor was set to 1.443, indicating 

the market increased, ex post, by an amount greater than investor expectations.  The 

average return of 16.9 percent is close to the Miller and Scholes average of 16.4 percent.  

The average variance of residuals from the first-pass regression and their cross-sectional 

standard deviation within the simulated sample are noticeably smaller than in the Miller 

and Scholes sample and are reported in the bottom panel of Table IX. 
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TABLE IX 
 

Descriptive Statistics for the First-Pass Regressions 
from Miller and Scholes and Simulations 1, 2, and 3. 

 
Miller and Scholes estimated betas for 631 individual companies in their sample from 
1954 to 1963 using the first-pass regression, equation (13).  For each first-pass regression 

there is an estimated beta,jβ̂ , an average return, jr , a standard error for the estimated 

beta, )ˆ.(. jes β , a residual variance, )(ˆ 2
tj εσ , and the regression’s2R .  The cross-sectional 

averages and standard deviations for these statistics are reported by Miller and Scholes 
and are listed below, along with the corresponding values for the 100 first-pass 
regressions that used the data generated in Simulations 1, 2, and 3.  

Miller and Scholes jr  jβ̂  )ˆ.(. jes β  )(ˆ 2
tj εσ  2R  

Sample Average 0.165 1.00 0.312 0.076 0.52 
Cross-Section 

Std. Dev. 0.08 0.54 0.178 0.120 0.22 
Simulation 1      

Sample Average  0.065  1.00  0.364  0.081  0.49 
Cross-Section 

Std. Dev.  0.08  0.60  0.171  0.076  0.27 
Simulation 2      

Sample Average  0.114  1.00  0.350  0.063  0.49 
Cross-Section 

Std. Dev.  0.09  0.61  0.176  0.061  0.29 
Simulation 3      

Sample Average  0.169  1.00  0.366  0.022  0.46 
Cross-Section 

Std. Dev.  0.07  0.59  0.150  0.019  0.27 
 
 

The results from Miller and Scholes second-pass cross-sectional regression using annual 

data are reported in the Table X, regressions 1-4.  The general form of the second-pass 

regressions was given in equation (12) and is repeated here: 

 jjtjjj vr ++++= 2
4

2
321

ˆ)(ˆˆ βγεσγβγγ      (12) 

Their value for 2γ̂  of 0.072 is below the expected value of .165.  Miller and Scholes 

considered that the flattening of the estimated risk-return relationship could reflect a 
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concave risk-return relationship.  Regression 4 finds that the curvature is convex 

since 0ˆ4 >γ .  The significance of 3γ̂   in regressions 2 and 3 indicates that the average 

simple return is a positive function of diversifiable risk. 

 

Regressions 5-8 are the comparable regression results based on the simulated data.  We 

find a 2γ̂ of 0.057 to be slightly too low from the perspective of the CAPM since the 

average return in the sample is 0.065.  We also find the relation between average return 

and beta to be convex since 0ˆ4 >γ , and we find diversifiable risk explains more of the 

cross-sectional variation in average returns than does beta.   

 

Because the value of jβ  is known, regression 9 avoids the problem of measurement error 

in estimating the risk-return relationship.  Here we find that the value of2γ̂ is above that 

obtained when jβ̂  was used, consistent with the measurement error argument.  It turns out 

in regression 10 that the use of2ˆ
jβ  explains average returns no better thanjβ̂  in the 

presence of )(ˆ 2
tj εσ .  Regression 11 usesjβ̂  to explain the average of the continuously 

compounded annual returns, jCr , .  Given the parameter settings of this first simulation, 

we would expect there to be no explanatory power, yet jβ̂  is marginally significant. 

 

Regressions 12-15 use monthly simple returns.  Here we find jβ̂ to be statistically 

significant in explaining the average simple returns in equation 12, and diversifiable risk 

is also significant in regression 13.  Regressions 14 and 15 use the monthly continuously 
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compounded returns and there is no explanatory power for jβ̂ , )(ˆ 2
tj εσ , or jβ .  Thus, we 

find the average of simple periodic returns to be dependent upon those elements that 

determine the variance of continuously compounded returns, but the average of the 

continuously compounded returns is not, except marginally significant in regression 11 

when the annual returns are used.  The intercepts are insignificant except in regressions 6, 

7, and 8.   Regression 10 comes closest in this set of regressions to the correct 

specification for explaining periodic returns, given the GBM, and here the intercept is 

insignificant.  Given that there is no risk-free rate and no risk premiums, we expect the 

intercept to be zero.  In short, we have results similar to those of Miller and Scholes 

simply as a consequence of the returns being variable over time due to a common co-

movement determined byjβ  and the idiosyncratic returns.  The results are not due to 

risk-averse pricing behavior related tojβ . 
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TABLE X 

Second-Pass, Cross-Sectional Regressions Explaining Simple and 

Continuously Compounded Returns from Miller and Scholes and Simulation 1 

Regressions 1-3 are reported in Miller and Scholes, Table 2, for their second-pass 
regressions using annual data, and regression 4 is their regression 17 which checked for 
non-linearity in the risk-return relationship.  These regressions are variations on the 
general regression given in equation (14) that includes the estimated beta, the variance of 
the residual from the first-pass regression, and the square of the estimated beta. 

 jjtjjj vr ++++= 2
4

2
321

ˆ)(ˆˆ βγεσγβγγ      (14) 

Regressions 5-8 are the counterparts to equations 1-4 using the annual data generated in 
Simulation 1.  Regression 9 uses the true betas instead of the estimated betas.  Regression 
10 uses beta-squared and diversifiable risk.  Regression 11 uses the annual continuously 
compounded return as the dependent variable.  Regression 12 and 13 use monthly simple 
returns and regressions 14 and 15 use monthly continuously compounded returns as their 
dependent variables. 
 

Miller and Scholes 1γ  jβγ ˆ
2  )(ˆ 2

3 tj εσγ  2
4

ˆ
jβγ  2R  

Reg. 1 
annual 

*
jr  0.093 

(13.9) 
0.072 
(12.25) 

  0.19 

Reg. 2 
annual 

*
jr  0.135 

(38.3) 
 0.391 

(15.69) 
 0.28 

Reg. 3 
annual 

*
jr  0.098 

(16.2) 
0.043 
(7.38) 

0.310 
(11.7) 

 0.34 

Reg. 4 
annual 

*
jr  0.114 

(11.4) 
0.031 
(1.98) 

 0.015 
(3.00) 

0.20 

Simulation 1      
Reg. 5 
annual 

jr  0.007 
(0.54) 

0.057 
(4.66) 

  0.18 

Reg. 6 
annual 

jr  0.022 
(2.15) 

 0.530 
(5.69) 

 0.25 

Reg. 7 
annual 

jr  -0.038 
(-2.73) 

0.059 
(5.75) 

0.540 
(6.68) 

 0.44 

Reg. 8 
annual 

jr  0.038 
(2.56) 

-0.046 
(-1.77) 

 0.054 
(4.43) 

0.32 

Reg. 9 
annual 

jr  0.0002 
(0.010) 

0.067 
(2.57) 

<coef. on 
truebeta 

 0.06 

Reg. 10 
annual 

jr  -0.007 
(-0.696) 

 0.415 
(4.98) 

0.029 
(5.76) 

0.44 
 

Reg. 11 
annual 

jCr ,  -0.019 
(-1.49) 

0.023 
(1.99) 

  0.04 
 

Reg. 12 
monthly 

jr  -0.0001 
(-0.099) 

0.0053 
(3.073) 

  0.09 
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Reg. 13 
monthly 

jr  -0.0003 
(-0.259) 

 0.458 
(3.82) 

0.0025 
(3.088) 

0.20 

Reg. 14 
monthly 

jCr ,  -0.0012 
(-0.64) 

0.0018 
(1.058) 

-0.043 
(-0.34) 

 0.01 

Reg. 15 
monthly 

jCr ,  -0.002 
(-1.28) 

0.0026 
(1.50) 

<coef. on 
truebeta 

 0.02 

 

Simulation 2 differs primarily in a higher average return of 11.4 percent that reflects the 

positive risk-free rate and the risk-premiums.  Again, there is no net market-wide increase 

in returns shared in by all securities according to their jβ  since Target = 1.0.  The 

regression results from simulation 2 are presented in Table XI.  Regressions 5-8 are 

comparable to regressions 5-8 from the first simulation and the Miller and Scholes 

regressions (1-4) reported in Table X.  Regressions 9-15 are similar to those in the first 

simulation, except the regressions for simple periodic returns have lower R2.  As 

expected, the average continuously compounded return is not explained by beta.  The 

addition of a positive risk-free return and risk premiums did not change the nature of the 

results apart from making all the estimated intercepts positive and statistically significant.  

All the intercepts using annual data are certainly above the risk-free rate of 0.025, but this 

is expected because of the risk-premiums.  The value of 0.0412 for 2γ̂  is clearly below the 

expected value of 0.114 whenjβ̂  is used and is, surprisingly, lower yet whenjβ  is used, 

contrary to the measurement error story. 
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TABLE XI 

 
Second-Pass, Cross-Sectional Regressions Explaining Simple and 

Continuously Compounded Returns from Simulation 2 

Regressions 5-8 are the same specifications estimated by Miller and Scholes and 
presented as regressions 1-4 in Table X, but use the annual data generated in Simulation 
2.  Regression 9 uses the true betas instead of the estimated betas.  Regression 10 uses 
beta-squared and diversifiable risk.  Regression 11 uses the annual continuously 
compounded return as the dependent variable.  Regression 12 and 13 use monthly simple 
returns and regressions 14 and 15 use monthly continuously compounded returns as their 
dependent variables. 
 

Simulation  2 1γ  jβγ ˆ
2  )(ˆ 2

3 tj εσγ  2
4

ˆ
jβγ  2R  

Reg. 5 
annual 

jr  0.073 
(4.42) 

0.0412 
(2.93) 

  0.08 

Reg. 6 
annual 

jr  0.067 
(6.07) 

 0.745 
(5.98) 

 0.27 

Reg. 7 
annual 

jr  0.042 
(2.76) 

0.0275 
(2.189) 

0.692 
(5.54) 

 0.30 

Reg. 8 
annual 

jr  0.081 
(3.77) 

0.0242 
(0.741) 

 0.0067 
(0.578) 

0.08 

Reg. 9 
annual 

jr  0.075 
(2.74) 

0.0386 
(1.483) 

<coef. on 
truebeta 

 0.02 

Reg. 10 
annual 

jr  0.060 
(5.12) 

 0.686 
(5.314) 

0.0075 
(1.614) 

0.28 

Reg. 11 
annual 

jCr ,  0.073 
(4.47) 

-0.0087 
(-0.605) 

  0.00 

Reg. 12 
monthly 

jr  0.005 
(2.79) 

0.0042 
(2.251) 

  0.05 

Reg. 13 
monthly 

jr  0.005 
(3.12) 

 0.546 
(2.62) 

0.0021 
(2.39) 

0.12 

Reg. 14 
monthly 

jCr ,  0.005 
(2.27) 

0.00029 
(0.159) 

0.000096 
(0.0004) 

 0.00 

Reg. 15 
monthly 

jCr ,  0.005 
(2.14) 

0.0006 
(0.34) 

<coef. on 
truebeta 

 0.00 

 

 

Simulation 3 produces an average annual return of 16.9 percent, slightly above the 

average of 16.4 reported by Miller and Scholes.  The comparable average return was 
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accomplished by setting the value of Target to 1.443, making the realized return 

significantly above the expected return based on the average of the drift parameters.  The 

cross-sectional regressions are reported in Table XII 

 

TABLE XII 

Second-Pass, Cross-Sectional Regressions Explaining Simple and 

Continuously Compounded Returns from Simulation 3 

Regressions 5-8 are the same specifications estimated by Miller and Scholes and 
presented as regressions 1-4 in Table X, but use the annual data generated in Simulation 
3.  Regression 9 uses the true betas instead of the estimated betas.  Regression 10 uses 
beta-squared and diversifiable risk.  Regression 11 uses the annual continuously 
compounded return as the dependent variable.  Regression 12 and 13 use monthly simple 
returns and regressions 14 and 15 use monthly continuously compounded returns as their 
dependent variables. 
 

Simulation 3 1γ  jβγ ˆ
2  )(ˆ 2

3 tj εσγ  2
4

ˆ
jβγ  2R  

Reg. 5 
annual 

jr  0.121 
(9.25) 

0.0477 
(4.22) 

  0.15 

Reg. 6 
annual 

jr  0.146 
(13.63) 

 1.049 
(2.80) 

 0.07 

Reg. 7 
annual 

jr  0.103 
(7.21) 

0.0452 
(4.11) 

0.926 
(2.66) 

 0.21 

Reg. 8 
annual 

jr  0.131 
(8.36) 

0.0183 
(0.640) 

 0.0148 
(1.120) 

0.16 

Reg. 9 
annual 

jr  0.074 
(3.38) 

0.0953 
(4.588) 

<coef. on 
truebeta 

 0.18 

Reg. 10 
annual 

jr  0.125 
(11.00) 

 0.763 
(2.13) 

0.0202 
(3.886) 

0.20 

Reg. 11 
annual 

jCr ,  0.116 
(9.62) 

0.0243 
(2.295) 

  0.05 

Reg. 12 
monthly 

jr  0.006 
(4.15) 

0.0072 
(5.092) 

  0.21 

Reg. 13 
monthly 

jr  0.008 
(6.70) 

 0.6504 
(1.33) 

0.0038 
(5.157) 

0.23 

Reg. 14 
monthly 

jCr ,  0.006 
(3.59) 

0.0056 
(4.028) 

0.1000 
(0.20) 

 0.14 

Reg. 15 
monthly 

jCr ,  0.006 
(3.75) 

0.0060 
(4.129) 

<coef. on 
truebeta 

 0.15 
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Table XII shows the value of 2γ̂ in regression 5 is 0.0477 and below the value of 0.072 

obtained by Miller and Scholes and below the value of 0.169 expected for this sample. 

However, the value of3γ̂ , which measures the effect of diversifiable risk, is noticeably 

different. The slope is about 50 percent larger than in simulation 2, yet the t-statistic is 

lower.  This is certainly due, in part, to the reduced variation in this variable relative to 

that in the Miller and Scholes sample and in simulation 2, making its effect more difficult 

to estimate.   The average annual and monthly continuously compounded returns in 

regressions 11, 14, and 15 are now explained reasonably well by jβ̂ .  This is expected 

since, ex post, the market factor increased over the sample horizon, pulling up the return 

of higher beta securities.  The explanatory power for the average monthly simple returns 

seems to rest with beta rather than diversifiable risk in regressions 12 and 13.  This is not 

surprising since the average level of diversifiable risk in this sample was small and its 

variation within the sample was low.  The overall explanatory power of beta is a 

consequence of an unexpectedly strong market where securities with higher betas 

outperform securities with lower betas, as seen in regressions 14 and 15. 

 

The results of these three simulations depend on the random sampling and the parameter 

values.  Different runs of the simulations produce alternative samples, but they produce 

the same overall results.  What is evident is all three simulations is the apparent role of 

beta in explaining the average of simple returns.  This is because beta scales the variance 

of a security’s continuously compounded returns and not because of an equilibrium 

relationship between beta and the drift parameter; the results are entirely driven by the 

variance of a security’s continuously compounded returns. 
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While the simulations were created to replicate the results of Miller and Scholes, it is 

interesting to note that two of the three simulations produced results similar to those of 

Black, Jensen, and Scholes.  As discussed above, a negative correlation between 

jα̂ and jβ̂  is induced by the test methodology when the average return on the market is 

positive.  The drift parameter in the first simulation was set to zero and the market factor, 

ex post, had a zero net surprise, meaning there should be no correlation between 

jα̂ and jβ̂ .  The second and third simulations had positive drift parameters, with a zero 

net surprise for the market factor in the second simulation and a positive net surprise in 

the third.  To see if there is a negative correlation between jα̂ and jβ̂  in the second and 

third simulation, but not the first, the 100 securities from each simulation were sorted 

on jβ̂  and then groups of ten securities were placed into ten portfolios, starting with the 

ten having the lowest jβ̂ .   Portfolio averages for thejα̂ and the jβ̂  from the securities 

within each portfolio were computed and the correlation coefficient was obtained using 

the average values forjα̂ and jβ̂ .    The correlation was also computed using thejα̂ and jβ̂  

for individual securities.  The results in Table XIII illustrate that a negative correlation is 

induced when the market has a positive drift within the model of GBM. 
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TABLE XIII 

Correlation Coefficients between Betas and Alphas, or “excess returns”,  

in the first-pass regressions 

There will be no correlation between jα̂ and jβ̂  when security returns are generated by 

GBM and the average return on the market is zero.  The drift parameter and the net 
surprise in the market factor, ex post, are set to zero in the first simulation to illustrate this 
point.  However, the test methodology used by Black, Jensen, and Scholes will induce a 
negative correlation if security returns are generated by GBM and the average return on 
the market is positive.   The second and third simulations have positive drift parameters 
uncorrelated with beta, with a zero net surprise for the market factor in the second 
simulation, but a positive net surprise in the third.  The consequence should be a negative 

correlation between jα̂ and jβ̂  in the second and third simulations.  The 100 securities 

from each simulation were sorted onjβ̂  and then groups of ten securities were placed into 

portfolios, starting with the ten having the lowestjβ̂ .   The averages values ofjα̂ and 

the jβ̂  for securities within each portfolio were computed and the correlation coefficient 

between the averages across portfolios was computed.    The correlation was also 

computed using thejα̂ and jβ̂  for individual securities.  Consistent with expectations, the 

correlations in the first simulation are essentially zero, but are strongly negative in the 
second and third simulations.  Black, Jensen, and Scholes found a negative correlation 

between jα̂ and jβ̂  in all their samples except for January 1931 to September 1939 when 

the variance the market was unusually high.  
 

 Individual Securities Portfolios 

Simulation #1 0.010542 0.004223 

Simulation #2 -0.286098 -0.832531 

Simulation #3 -0.40363 -0.870683 

 

 

We now turn to the simulation that replicates the fourth sub-sample from the Black, 

Jensen, and Scholes study.  Even though the market from April 1957 to December 1965 

had an average monthly simple return of 0.0088, for a 105 month return relative of 2.509 

and more than doubled, high beta securities generated lower returns on average than low 
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beta securities.  The relatively poor performance of high beta securities is consistent with 

the model of GBM described above when the market factor has a negative net surprise, ex 

post, that partially offsets the general upward drift in the market from the positive drift 

and risk premiums for each security.  The Target on the market factor is set to 0.95 to 

produce a negative net surprise, ex post.  Since higher beta securities follow the market 

factor more strongly than low beta securities, their higher expected periodic returns are 

offset to a greater extent by the negative surprise in the market factor which they are 

doomed to follow.  This produces the “wrong” sign on the relationship betweenjr  and jβ̂  

for the 1957-65 sub-sample and in the simulation reported in Table XIV.34

 

      TABLE XIV 

Simulation 4 that Produces a Cross-Sectional Slope with the “Wrong” Sign. 

The cross-sectional intercept and slope from the Black, Jensen, and Scholes April 1957 to 
December 1965 sub-sample of 105 months are presented along with those obtained from 
data generated by GBM.  The risk free rate and the individual risk premiums produce an 
average positive drift from jµ  of 0.006185, but the value of Target is set to 0.95 for a 

negative net surprise of minus 5 percent over the simulation’s horizon of 120 months.  
The average returns in the 1957-65 sample and the GBM simulation are both positive, 
indicating a rising market.  However, the negative slope coefficients in the sample and 
the simulation indicate that high beta securities are rewarded, ex post, with lower returns 
than low beta securities. 
 

  
1957-65 
sample GBM 

intercept 0.01020 0.007828 
slope  -0.00120 -0.001327 

   
mean return 0.00880 0.006501 

   
t( intercept) 18.89 6.86 

t( mean - slope ) 19.61 7.22 
R-squared n.a. 0.015 
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We have shown in this section that Geometric Brownian motion, used as a reasonable 

approximation of the return generating process, allows us to model the variability of 

returns over each of the sample periods used in two early tests of the CAPM.  We are 

able to show that beta will be positively related to the average of simple periodic returns, 

the strength of the relationship will not be what is called for by the CAPM, diversifiable 

risk will explain a significant amount of the variation in average periodic returns, and the 

risk-return relation will be convex.  All of these results, which are reported by Miller and 

Scholes, are shown to be a consequence of the variance of the continuously compounded 

returns and the extent to which the returns on individual securities respond to a common 

market factor.  There is nothing in the simulations to reflect how risk-averse investors 

might price securities to alter expected returns. 

 

In the numerical examples, the constraints imposed by the test methodology used by 

Black, Jensen, and Scholes account for the pattern of excess returns they find for 

portfolios of differing risks and for the differing slopes reported for their cross-sectional 

regressions from each time period.  The estimated values for the excess returns from the 

numerical examples are generally of the correct sign and magnitude in each sample 

period examined by Black, Jensen, and Scholes.  The estimated slopes from their cross-

sectional regressions are well explained by the variance of the market portfolio within the 

model of GBM. 

 

If we accept GBM as a reasonable approximation to the return generating process, it 

appears that that the use of periodic returns in asset pricing tests will obscure the nature 
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of the underlying relationship between the parameters generating the data, namelyjµ  

and 2
jσ .  The analysis offered here suggests that asset pricing tests must focus on the 

expected drift, or the expected continuously compounded rate of return, so as not to be 

mislead by the necessary correlation, ceteris paribus, between the expected periodic 

return and risk measures based on the variance of returns.  More generally, the empirical 

evidence in both papers, and the numerical examples and simulations offered here, call 

into question the general implementation of modern portfolio theory that envisions risk as 

arising from the simple variability, or co-variability, of returns over time.   
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V. Empirical Evidence Based on Portfolio Data 

It is well-known that the arithmetic mean is approximated by the geometric mean 

plus half the variance of periodic returns, and while this may be viewed as a “mechanical 

result”, it is a discrete-time approximation to what is well-established for the lognormal 

distribution and in the continuous-time framework of GBM; it is an approximation that 

works quite well since it captures the non-linearity of growth and the asymmetry of 

outcomes that arises from compounding variable returns.  But if the dependence of the 

arithmetic mean on the variance is just a “mechanical result”, then it is also true, as was 

shown in Section IV using numerical examples and simulations, that the empirical results 

reported in the literature can be viewed as mechanical results that fail to reflect how 

securities are valued by investors.   

We now illustrate, using portfolio data made available by Kenneth French, that 

the arithmetic mean obscures how investors are compensated, or not compensated, for 

risk as measured by either2jσ  or jβ .  For each of the four sample periods examined by 

Black, Jensen, and Scholes, we first estimate the basic cross-section regression, 

jjjr εβγγ ++= ˆ
10 .  We then show that, across portfolios, the difference in their 

arithmetic and geometric mean returns is well explained by variance of returns, 

2
20 ˆ)( σγγ +=− GA rr .  Then, to make the analysis more in keeping with the framework 

of GBM, we note that ( )2/exp 2

1
σµ +=







−t

t
P

PE  .  The arithmetic mean of return 

relatives, Ar , is an unbiased estimator of the expected return relative and the natural log of 

the geometric mean is the arithmetic mean of continuously compounded returns,Cr , and 

it is an unbiased estimator of the drift parameterµ .35  The natural log of the arithmetic 
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mean can be explained by the natural log of the geometric mean and the variance of 

periodic returns: 2
210 ˆ)ln()ln( σγγγ ++= GA rr .  Because the variance of the returns on a 

portfolio depends on the variance of the return on the market portfolio, the portfolio’s 

beta, and the residual risk obtained from the time-series regression used to estimate beta, 

)(ˆˆˆ 2222
tM eσσβσ += , we substitute the squared beta and residual risk into the equation 

and estimate )(ˆˆ)ln()ln( 2
4

2
310 tGA err σγβγγγ +++= .   The prediction here is that the 

estimated coefficients of the slope parameters will be: 0.1)ˆ( 1 =γE , 5.0)ˆ( 2 =γE , 

and 5.0)ˆ( 4 =γE .  The values of )ˆ( 3γE , the expected coefficients for2β̂ in the four 105-

month sub-samples used by Black, Jensen, and Scholes, are one-half the variance of the 

market index over each sample period; the variances are 0.011577559, 0.002011266, 

0.001186, and 0.001124236, respectively.  Half of each value, or )ˆ( 3γE , is listed in the 

table below.   

We find that we can explain essentially the entire difference between the 

arithmetic and geometric means by the variance of returns, which is a well-known result 

that depends only on the mathematical consequence of the arithmetic averaging of 

variable returns and not on how investors price securities, leaving the geometric means, 

or perhaps their natural logs, as the only element left to explain.  The fourth regression in 

each time period tests how well beta explains the geometric mean, a measure of what 

investors actually received over the sample period.  We find that the geometric means are 

very poorly explained, if at all, by beta.   The results are in Table XV. 



 75 

 

   Table XV    

  
     

 
R2 

          

January 1931 to September 1939       

pred. coef. 1.0  0.018931 0.5 0.0057888 0.5 1.0   
 
 

.987532 
(259.617) 

.022753 
(8.456)     

0.488051 

 
 0.002425 

(10.02)    
0.350217 
(52.90)  

0.973896 

 
 

0.001605 
(6.85)  

0.264775 
(21.57) 

0.004848 
(37.18)  

0.962705 
(67.51) 

0.993989 

 
 

1.000067 
(292.57) 

0.003786 
(1.57)     

0.031654 

          

October 1939 to June 1948       

pred. coef. 1.0  .013698 0.5 0.0010055 0.5 1.0   

 
 

.996098 
(441.721) 

.013652 
(7.951)     

0.418067 

 
 

0.0000577 
(1.29)    

0.490683 
(75.34)  

0.984733 

 
 

0.000355 
(4.74)  

0.49706 
(45.35) 

0.00093 
(18.35)  

0.976906 
(165.29) 

0.998136 

 
 

1.000919 
(407.69) 

0.007718 
(4.13)     

0.162287 

          

July 1948 to March 1957       

pred. coef. 1.0  0.011157 0.5 0.000593 0.5 1.0   
 
 

1.002476 
(428.46) 

.008687 
(3.761)     

0.130787 

 
 .0000361 

(7.77)    
0.471909 
(296.57)  

0.998932 

 
 

0.0000891 
(9.26)  

0.462671 
(184.07) 

0.000567 
(72.61)  

0.993984 
(1113.80) 

0.999971 

 
 

1.003207 
(370.37) 

0.006799 
(2.54)     

0.064346 

          

April 1957 to December 1965       

pred. coef. 1.0  0.009729 0.5 0.0005621 0.5 1.0   
 
 

1.008694 
(598.514) 

.000954 
(0.623)     

0.004114 

 
 

0.000128 
(8.54)    

0.433889 
(89.20)  

0.988323 

 
 

0.0000272 
(0.80)  

0.399044 
(63.59) 

0.000610 
(29.98)  

0.997756 
(370.61) 

0.999339 

 
 

1.011045 
(597.77) 

-0.002328 
(-1.52)         

0.023857 

 

)( GA rr −

)ln( Ar

Gr

)( GA rr −

)ln( Ar

Gr

)( GA rr −

)ln( Ar

Gr

)( GA rr −

)ln( Ar

Gr

Ar

Ar

Ar

Ar

1γ βγ ˆ
2

)(ˆ 2
3 teσγ 2

4β̂γ 2
5σ̂γ )ln(6 Grγ
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 We now consider in greater depth the first 105-month sub-sample from January 

1931 to September 1939 used by Black, Jensen, and Scholes and presented in Table XVI 

since it, perhaps, is unique in cross-sectional tests of the CAPM in yielding an estimated 

slope for the risk-return relationship that exceeds the predicted value.  While they used 10 

portfolios to mitigate the problems of measurement error in the estimates of betas, there 

are 78 portfolios from French with complete data over this 105-month period; the 

portfolios contain a maximum of 32 securities, and in some cases only one security for a 

span of 12 months.  While measurement error remains a problem, it can not be expected 

to cause the estimated slope to be above the predicted value.  The estimated slope of 

0.022753 in the 1931-39 sub-sample is slightly above the predicted value of 0.018931 

and is similar to what Black, Jensen, and Scholes found with their 10 portfolios.    The 

graph below of the portfolio returns presents the predicted and estimated slopes from the 

cross-sectional test over the 105-month sub-sample.   
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Table XVI shows that the jβ produces an R-squared of 0.48, while the variance of returns 

produces an R-squared of .62.  However, the compounded returns generated on these 

portfolios, as measured by the geometric means, is poorly explained by jβ̂  and only 

modestly explained by2ˆ jσ .  However, we know that the sample geometric mean is biased 

upward as an estimator of the expected compounded return, where the bias is a positive 

function of the portfolio's variance. 

  Table XVI   

Full Sub-Sample 1γ  jβγ ˆ
2  2

3 ˆ jσγ  2R  
Reg. 1 

 
jAr ,  -0.012466 

(-3.28) 
0.022753 

(8.46) 
 0.48 

Reg. 2 
 

jAr ,  0.004691 
(3.18) 

 0.444717 
(11.03) 

0.62 

Reg. 3 
 

jGr ,  0.00007 
(0.02) 

0.003786 
(1.56) 

 0.03 

Reg. 4 
 

jGr ,  0.002266 
(1.50) 

 0.0945 
(2.29) 

0.07 

 

Jan. 1931 to Sept. 1939 
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The next exercise is to break the sample into two parts and examine the persistence of the 

results from the first to the second half of the period.  We find that the same pattern holds 

in both halves.   

 
 
In the first sub-sample, the estimated slope is slightly above the predicted value similar to 

the result over the full sample period.  Table XVII shows the ability of both jβ̂  and 2ˆ jσ  

to explain the arithmetic mean is lower than in the full sample, although variance retains 

its greater ability to account for the differences across portfolios in their arithmetic mean 

returns.   However, neither measure of risk is a significant determinant of what the 

portfolios actually return to investors over this 53 month period. 
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Table XVII 
193101 to 193505 sub-sample  

  
1γ  jβγ ˆ

2  2
3 ˆ jσγ  2R  

Reg. 5 
 

jAr ,  -0.010537 
(-1.69) 

0.020926 
(4.76) 

 0.23 

Reg. 6 
 

jAr ,  0.001498 
(0.56) 

 0.354848 
(7.20) 

0.41 

Reg. 7 
 

jGr ,  0.003004 
(0.52) 

-0.002833 
(-0.70) 

 0.01 

Reg. 8 
 

jGr ,  -0.002355 
(-0.84) 

 0.030163 
(0.58) 

0.004 

 
The graph for June 1935 to September 1939 sub-sample is below. 
 

 
 
Again, we can see that the estimated slope between the arithmetic mean and beta is 

slightly below the predicted value in the second sub-sample.  Table XVIII shows the 

ability of beta to explain the arithmetic mean is less that of variance.  The geometric 

mean is significantly related to both beta and variance, but only 6 percent of the variation 

in realized returns is accounted for by either measure.   

193506 to 193910 sub-sample 
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Table XVIII 
193506 to 193910 sub-sample  

  
1γ  jβγ ˆ

2  2
3 ˆ jσγ  2R  

Reg. 10 
 

jAr ,  -0.005755 
(-1.80) 

0.018055 
(8.22) 

 0.44 
 

Reg. 11 
 

jAr ,  0.010085 
(7.99) 

 0.529487 
(9.27) 

0.51 
 

Reg. 12 
 

jGr ,  0.004820 
(1.61) 

0.004600 
(2.23) 

 0.06 

Reg. 13 
 

jGr ,  0.009004 
(7.18) 

 0.126715 
(2.24) 

0.06 

 

It is during the second half of the 1931 to 1939 period that the market rose modestly and 

we should generally expect that securities or portfolios that have returns that are more 

dependent on the market movement will follow the market up more strongly, as in this 

case.  What we find, then, is that in this historical period when the market was the most 

risky, when the variance was at historically high levels, it does not appear that investors 

adjusted price to generate a greater upward drift in those securities that were most risky 

as measured by variance, but that in the second sub-sample higher beta securities, which 

had the higher variances, just followed the market up. 

 The 1931-39 period also gives us an opportunity to examine the ability of the 

arithmetic mean to predict future returns.  We use the arithmetic mean over the 1931-35 

sub-sample to examine how well it predicts, on average, what investors receive in the 

second sub-sample from 1935-39.  We consider a variety of correlations.  First, the 

correlation of the arithmetic mean in the first half sample with that in the second half 

sample is 0.43122. The graph is provided below.   
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 Because the arithmetic mean depends on variance, we compute the correlation 

between the variance of returns in the first half with that in the second half, and obtain 

0.7368.  Thus, the variance carries over from one period to then next, suggesting that this 

measure of risk in the first half of the period carried over to the second half, and this 

helps to provide a positive correlation between the arithmetic means in the two halves.  

However, the arithmetic mean in the first half has a correlation with the geometric mean 

in the second half of 0.16356, indicating that about two percent of the variation in 

realized returns in the second half of the period is predicted by the arithmetic mean of 

returns in the first.  Thus, the arithmetic mean explains little of what is earned in the 

second half as measured by the geometric mean and is not forward looking as suggested 

by those who favor the arithmetic mean as the proper measure of expected return. 
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The geometric mean in the first half has a very slight, but negative correlation with the 

geometric mean in the second half: -0.02971.  As they say when providing investment 

advice, past returns are not necessarily indicative of future performance. 
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Conclusion: The Market Portfolio, Beta, and Estimates of jµ   

 We have argued that the simple variability of returns over time does not represent 

the risk that gets priced, and therefore does not lead to a change injµ .  This is not 

suggesting that events which alter the earnings capabilities of firms will not change price 

and influence the computed level of return variance.  Instead, we suggest the daily and 

monthly variability of returns is more likely a reflection of noise in the pricing of 

securities.  And while we have argued in favor of focusing on the role that continuously 

compounded returns must play in asset pricing tests, we have noted thatjµ is difficult to 

estimate with any degree of useful precision.  Black (1993, p. 36) commented on the 

difficulty of estimating expected returns, in contrast to explaining returns or average 

returns:  

“Explaining variance is easy.  We can use daily (or more frequent) data to 
estimate covariances.  Our estimates are accurate enough that we can see the covariances 
change through time.  Explaining return or average return is easy too, because that’s just 
a way of explaining variance. 
 Estimating expected return is hard.  Daily data hardly help at all.  Only longer 
time periods help.  We need decades of data for accurate estimates of average expected 
return.  We need such a long period to estimate the average that we have little hope of 
seeing changes in expected return.”  
 
 Black's comment reflects what is known about the asymptotic variance of 

maximum likelihood estimators of the drift and variance parameters of GBM, as pointed 

out by Merton (1980).  For a fixed sample of returns spanning 5 years of data, the 

variance of the diffusion process can be estimated with increasing precision by observing 

returns more frequently.  In contrast, the drift can be estimated more precisely only by 

observing returns over a longer sample period.  (Campbell, Lo, MacKinlay, p. 364).  

Using simulated sample paths of the log-normal diffusion process, Goldenberg and 
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Schmidt (1996, p. 614) confirm Black’s assessment, finding that “A 90-percent, 60-year 

confidence interval ofµ  based on assumed 10.0=µ , 20.0=σ , and 60 years of data is 

(5.57%, 14.25%) ….”.  Then, using “daily data on the S&P 500 Index adjusted for 

dividends for the 59-year period 01/02/36 to 12/30/94”, they were not able to obtain an 

accurate estimate of the drift (p. 623).  The other diffusion processes considered by 

Goldenberg and Schmidt did not appear to make accurate estimation of the drift 

parameter any more feasible.  If 59 years of data fail to provide an accurate estimate of 

expected return, then surely monthly returns are uninformative about expected returns.  

Black’s comment that explaining return is “just a way of explaining variance” is well 

illustrated by the decision of Campbell and Voulteenaho to explain periodic returns by 

adding the variance of returns to the dependent variable in their model, the expected 

continuously compounded return. 

 The role that the expected continuously compounded return must play in both the 

one-period and the continuous-time version of the CAPM makes the difficulty in 

estimating returns a central concern.  Not to elevate unreasonably their status, but if 

econometricians are not able to estimate the value of jµ with any usable degree of 

precision using 59 years of daily data, are we to assume that investors are able to price 

securities with the degree of precision needed to have a reasonable expectation of 

changing the investment outcomes in a systematic way over holding periods that are 

certainly shorter than 59 years?  It is not clear that investors would be able to learn from 

their experience that they were pricing securities properly, or that the adjustments to price 

needed to alter the expected drift would make a meaningful difference in their investment 

outcomes.  That is, other factors may be far more important in determining realized 
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outcomes than adjustments to drift based on the simple variability of returns over time.  

Accordingly, if the success of a model depends on market participants achieving a level 

of precision in the valuation of securities that is not possible, even if they were trying, it 

calls into question the ability of the model to describe investor behavior. 

 In a similar vein, one of the earliest challenges to the CAPM was suggested by 

Roll (1977) who argued that without returns on the true market portfolio, test results of 

the CAPM would be misleading, even if the model was correct.  It appears, however, that 

proxies used in tests may be sufficiently correlated with the true market portfolio, so that 

the tests will be sufficiently reliable.  While this may be sufficient to allow the CAPM to 

remain a testable model of investor behavior, the importance of Roll's critique seems to 

have only questioned its testability, but not the more fundamental issue of its plausibility.  

If it is the case that practitioners interested in testing the CAPM are not able to construct 

the appropriate market portfolio, then how is it that the trading decisions, made by market 

participants who were not even aware of the existence of the true market portfolio, and a 

portfolio that no one is said to have ever constructed, would price securities in a manner 

consistent with the model’s predictions?  In sympathy with this type of question, we note 

that in one of the earliest test of the CAPM, using periodic returns, Douglas (1969) found 

that the market appeared to price securities on the basis of their own risk, or own 

variance, but not on the basis of covariance risk as predicted by the CAPM.  This finding 

led him to suggest that the data requirements "were probably beyond the scope of the 

financial community during that period." (p. 39)   

 Finally, when considering lengths to which researchers have gone to avoid 

measurement errors injβ̂ , using the most sophisticated statistical software available, how 
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could “the market” be expected to price securities according to the true, but apparently 

unknowable value of jβ , as called for by the CAPM?  It would appear that the only 

relevant values of jβ could be anything other than what is obtained using the best 

statistical methods available.   

 When considering the difficulty of constructing the true market portfolio and in 

estimating the true values of beta for individual securities, is there any reason to expect 

that market participants, or the market in general, would be able to do a better job?  More 

important, however, given the difficulty in estimating the expected drift in security value 

that arises from the very nature of security price behavior, rather from the limits of data 

availability and statistical methodology, is there any reason to believe that the market 

could possibly be behaving in the way described by the CAPM?  There is probably none 

and the evidence supports this conclusion.
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1 See Maor, 1994, pp. 1-13. 
 
2 We suggest that any preference for preferring a 10 percent periodic return over the 
continuously compounded return of ln(1.10) = 0.0953102, perhaps because it is 
numerically larger (as it is when periodic returns are positive), would only reflect “return 
illusion”.  One reader of an earlier draft of this paper suggested that periodic returns are 
preferred to continuously compounded returns because this makes it is easier to aggregate 
individual security returns to obtain portfolio returns.  We suggest that convenience 
should not play a role when the consequences are predictably misleading and obscure 
how securities are priced, as we show below.  (Don't CLM say the issue is not very 
important?  Check.) 
 
3 See Campbell, Lo, MacKinlay, p. 10. 
  
4 For example, a return relative of 1.10 does not reflect twice the rate of growth that 
would generate a return relative of 1.05 since ln(1.10) < 2*ln(1.05).  Also, an account that 
is to yield a return of 10 percent at year-end should not be expected to yield a return of 5 
percent after 6 months since (1.05)2 > 1.10. 
 
5 When risk is defined by the simple variability of returns over time, then it may be said 
that risk creates its own reward since a positive skewness in the outcomes is introduced 
when from compounding variable returns.  Thus, if investors are risk neutral and risk is 
defined as the simple variance of returns, investors must value securities more highly 
when returns are more variable. 
 
6 The suggestion that risk is not measured by the simple variability of returns over time 
may seem implausible.  However, this is not suggesting that more risky environments do 
not give rise to a greater variance of potential outcomes, or that the realization of a 
potential outcome in more risky environments will not tend to produce a greater change 
in asset value.  Instead, it is suggested that the simple variance of returns over time does 
not capture the risk investors perceive and price into security values.  Econometrically, it 
is suggested that measurement error in the simple variance of returns over time makes it 
worthless as a measure of the risk that gets priced. 
 
7 Campbell, Lo, MacKinlay, 1997, pp. 364-5. 
  
8 While the Ibbotson example is cast directly in terms of the population probability 
distribution, other examples that are used to show why the arithmetic mean is preferred to 
the geometric mean are set in terms of an observed sequence of returns (e.g., 1.30, 0.90), 
where a hypothetical investor receives a two-period return relative of 1.17.  (It is implicit 
in such hypothetical samples that they reflect all the possible outcomes from the 
population, as in the Ibbotson example, and the issue is not one of sampling error as 
discussed in Blume (1974) and Cooper (1996).)  The question is then asked about what 
should be our expected return.   In this context, perhaps something more is needed than 
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points (1) and (2) above to explain why the investor really should expect (and perhaps 
should have expected) a return of 1.21, when they received something less.  Kritzman 
(2000) provides an explanation of why, “paradoxically”, investors are more likely, than 
not, to receive less than they expect; compounding variable returns generates a positively 
skewed distribution of potential outcomes, where the mathematical expectation exceeds 
the median outcome.  Yet, the apparent paradox exists only because expectations are 
framed in terms of variable periodic returns that are then compounded to obtain outcomes 
over the sample period.  It would not exist if expectations of the same set of possible 
outcomes were framed in terms of continuously compounded returns. 
 
9 Grinblatt and Titman (1998, p. 407) note that in the type of two-period example that we 
have here, the difference between the squared arithmetic and squared geometric means is 

exactly[ ]2
21 2)( rr − , where r1 and r2 are the two return relatives. 

 
10 See Aitchison and Brown (1976, p. 13-14). 
 
11 It is interesting to note that, as a practical matter, an investor who will sample returns 
from this distribution over time will have an expected compounded return that does 
depend on the variance.  Plans to hold the security longer will give the investor an 
expected compounded return that is closer to exp(µ). 
 
12 This is unlike the Ibbotson binomial example where the periodic returns were 
symmetric around the expected periodic return, making the continuously compounded 
returns asymmetrically distributed. 
 
13 These parameter values are taken from the market index available from Kenneth 
French’s web site. 
 
14 Empirically, diversifiable risk increases with beta, but holding its level constant across 
securities does not change the results in this illustration. 
 
15 Since the arithmetic mean is the unbiased estimator of the expected periodic return and 
it is the expected periodic return that has the positive, linear relationship with beta.  It 
might be claimed that the linearity between beta and the expected periodic return of the 
CAPM places a restriction on the arithmetic, but not the geometric mean, However, the 
linearity of the risk-return relationship in the CAPM can only be achieved by adjusting 
the expected continuously compounded return.  Since the exponential of the expected 
continuously compounded return is the geometric mean, it is the expected compounded 
return that investors must adjust. 
 
16 Levhari and Levy (1977), which we discuss below, examine this issue in trying to 
identify the correct horizon over which to measure returns. 
 
17 One way to visualize why the approximate linearity is preserved when using annual 
returns, and the CAPM describes investor behavior, is to recognize that we are pivoting a 
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line that passes through the risk-free rate, creating a greater movement in the line for 
values of jβ  that are further from the origin on the horizontal axis. 

 
18 In these examples, diversifiable risk has been held constant across securities, but 
empirically the variance of diversifiable risk increases with jβ .  If this were made part of 

this illustration, the convexity would be stronger than illustrated in the graph. 
 
19 Perhaps it is surprising that the roles of2ˆ

pβ  and )ˆ( ips ε in explaining periodic returns 

survived the extensive manipulation of the data Fama and MacBeth us to construct the 
variables for each portfolio over time. 
 
20 Roll and Weston (2008) have recently pointed out that the book-to-market ratio can be 
viewed as a measure of risk in cross-sections. 
 
21 If GBM describes the evolution of security prices and continuously compounded 
returns behave according to equation (2), then estimates of jβ  and jα from equation (13) 

that uses periodic returns will be biased.  The bias results from the non-linear 
transformation of the continuously compounded return to obtain the simple periodic 
return used in equation (13): 1)exp( , −= jCj rr .  Interestingly, the bias will be positive for 

both jα  and jβ  when 1>jβ , and negative for bothjα  and jβ  when 1<jβ .  This can be 

illustrated with the following example calibrated to the first sub-sample used by Black, 
Jensen, and Scholes from 1931 to 1939.  Consider a hypothetical range of innovations on 
the market factor mt that span the interval from -0.26 to +0.26, and increment by units of 
0.01.  For this range of innovations, we compute the continuously compounded returns on 
a low beta stock ( jβ =0.5 ) and a high beta stock (jβ =1.5 ).  Assuming no idiosyncratic 

returns and no drift, ( 0, == tjj ηµ , for all j and t), low- and high-beta continuously 

compounded returns are simply scalars of the innovations on the market 
factor: tjtjC mr β=,, .  If we then use these data to estimate each security’s beta, we would 

obviously estimate the parameter values of 0.5 and 1.5 exactly, and the jα̂
 
would equal 

0.0 for each security.  But the objective here is to compute the simple periodic returns for 
each security and to construct from them the simple return on a two-security market 
portfolio, Mr .  We then estimate the values ofjβ  as is traditionally done using simple 

periodic returns on the securities and the return on the market portfolio.  This exercise 
reveals that we will under-estimatejβ  for the low risk security and over-estimatejβ  for 

the high risk security.  But more importantly, when we under-estimatejβ  for the low risk 

security, jα̂  is negative, and when we over-estimatejβ  for the high risk security, jα̂  is 

positive.  In both cases, the magnitudes of thejα̂ are the same as those reported by Black, 

Jensen, and Scholes for their lowest and highest risk portfolios.  The results from such an 
experiment are: 
 Low Beta Regression:  )(492615.0003357.0ˆ ,, tMtj rr +−=  
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 High Beta Regression: )(507386.1003357.0ˆ ,, tMtj rr +=  

 
22 If the average return on the market portfolio is negative, the two restrictions of the 
methodology will produce a positive correlation between jα̂  and the portfolio betas. 
 
23 The averages of jα̂  reported by Black, Jensen, and Scholes do not equal zero for their 

samples.  However, this is probably due to rounding error in their reported values. 
 
24 The appropriate variance would be for the continuously compounded returns, but these 
two variances should be close in value. 
 
25 The use of a common drift parameter across portfolios, where the portfolios are 

constructed to produce a wide variation in theirjβ̂  and implicitly a wide variation in 

their jσ̂ , implies that the average risk-premiums for the securities in each portfolio are 

independent of jβ  and 2ˆ jσ .  This approach to obtaining values for the different ( )jrE  is 

consistent with the construction of the simulations reported in section IV where the risk-
premiums and the jβ are made to be orthogonal.  All that is imposed here is that the 

expected continuously compounded returns on individual securities are independent ofjβ  

or 2
jσ .  Of course, the expected simple periodic returns will differ because of their 

differences in 2
jσ . 

 
26 A value of 0.0095 is a reasonable measure of ex post performance since the monthly 
periodic return relative is 1.009545 and over a period of 35 years it corresponds to a 
return relative of 54.05.  The return relative over this period for the Ibbotson Large 
Company Total Returns was 35.09; for the Ibbotson Small Company Total Returns it was 
141.53. 
 
27 While this finding is predictable given the analysis above, it is not particularly 

probative since the values of jβ̂  and 2ˆ
jβ  are highly collinear over the range of sample 

values and their relationship to jr is not exact and is sensitive to sampling error.  

Nevertheless, the implication of the analysis here is that jr  will generally be better 

explained by 2ˆ
jβ , rather than jβ̂ . 

 
28 The focus of much research has been on why 2γ̂  might be biased downward due to 
measurement errors in the estimated betas, and a great deal of effort has gone into the 
construction of portfolios where the portfolio betas are measured with less error than the 
betas of individual securities.  However, the assumption of GBM indicates that there is an 
upward “bias” in the estimate of 2γ due to the variance of returns alone, independent of 
investor risk aversion. 
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29 When the returns across securities are averaged to form the return on the market 
portfolio used in the first-pass regression, the observed standard deviation of returns on 
the market portfolio will depend on the idiosyncratic risks as well as scalarm.  However, 
the diversification of the idiosyncratic risks across securities will leave the observed 
standard deviation of the returns on the market portfolio reasonably close to the value of 
scalarm. 
 
30 The values of beta, which measure the sensitivity of the security’s return to the Market 
Factor, do not have to average 1.0.  However, when the betas are estimated using the 
return on the Market Portfolio that is constructed from all the returns in the sample, the 
average value of the estimated betas will equal 1.0.  This fact plays a role in producing 
the pattern of excess returns observed by Black, Jensen, and Scholes. 
 
31 If inclined, we may think of the risk premiums, when they are positive, as being 
determined by firm characteristics such as firm size or book-to-market equity, as 
explored by Fama and French (1992).  Here, we only specify a range of risk premiums 
and insure that they are orthogonal to the betas.  As will be explained below, the risk 
premiums influence the results in the same way as the risk-free return in producing the 
pattern of excess returns observed by Black, Jensen, and Scholes. 
 
32 The adjustment used to reach the Target return relative is different from the drift 
parameter built into a security’s expected return, µj.  The value of µj only influences the 
expected value of the random walk, not its actual value. The value of δ is computed after 
the initial random walk occurs and is determined by the discrepancy between the initial 
outcome of the Observed index and the Target.   
 
33 The performance of the market over this period is taken from Ibbotson, using large 
company stocks. 
 
34 It is worth noting that there is additional evidence that the model of GBM used in this 
paper accounts for the empirical results reported in both studies.  Black, Jensen, and 
Scholes broke their data into a 1-year sub-sample for 1931 and 17 sub-samples of 2 years 
each.  The average returns on the market portfolio each sub-sample were reported along 
with the cross-sectional slopes from a regression using beta to explain average return.  
Seven sub-samples produced the “wrong” sign on the cross-sectional slope, similar to the 
105-month, 1957-65 sub-sample.  The market declined in three of these 2-year sub-
samples and it is not surprising that the returns on high beta portfolios were lower than 
the returns on low beta portfolios.  However, the market increased in the other four sub-
samples.  Two of these four sub-samples (1960-61 and 1962-63) are part of the larger 
1957-65 sub-sample that produced the “wrong” sign.  Yet, 1948-49 and 1952-53 were 
also markets that increased on average, but high beta portfolios had lower returns than 
low beta portfolios, thereby producing the “wrong” sign for the cross-sectional slope.   
 
In contrast to these samples with “wrong” signs, there were two samples with the 
“correct” positive slope in the cross-sectional regression, even though the market actually 
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declined.  This means that high beta securities earned higher returns than low beta 
portfolios when the market declined.  But these “correct” signs may seem surprising since 
the market is declining and the securities with returns more dependent on the market 
portfolio’s return might be expected to have their returns pulled down with the market, 
producing lower returns.  But this is not what happened in these two early samples.  One 
explanation would be that high-beta securities have sufficiently high expected returns that 
were able to offset the downward drift in the market, ex post. However, the positive 
cross-sectional slope can be explained by GBM.  Both samples were during the volatile 
1930s, namely the 1931 and 1936-37 sub-samples.  Here, we have a high variance to the 
market factor.  Even though the market factor produces a large negative net surprise and 
is strong enough to pull the market average down to fully offset the positive drift 
parameters, equation (6) shows that the high volatility of the market factor will cause 
securities with higher betas to have higher expected periodic returns that can offset the 
negative net surprise. 
 
35 We should keep in mind thatCr  and Gr  are not very accurate estimators, as shown by 

Goldenberg and Schmidt.  Also, the continuously compounded return on a portfolio is not 
a linear function of the continuously compounded returns on the individual securities in 
the portfolio. 


